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Abstract
We describe wall-crossing for local, toric Calabi-Yau manifolds without compact four-
cycles, in terms of free fermions, vertex operators, and crystal melting. Firstly, to each
such manifold we associate two states in the free fermion Hilbert space. The overlap of
these states reproduces the BPS partition function corresponding to the non-commutative
Donaldson-Thomas invariants, given by the modulus square of the topological string parti-
tion function. Secondly, we introduce the wall-crossing operators which represent crossing
the walls of marginal stability associated to changes of the B-field through each two-cycle
in the manifold. BPS partition functions in non-trivial chambers are given by the expecta-
tion values of these operators. Thirdly, we discuss crystal interpretation of such correlators
for this whole class of manifolds. We describe evolution of these crystals upon a change of
the moduli, and find crystal interpretation of the flop transition and the DT/PT transition.
The crystals which we find generalize and unify various other Calabi-Yau crystal models
which appeared in literature in recent years.
1On leave from University of Amsterdam and Sołtan Institute for Nuclear Studies, Poland.
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1 Introduction
Counting of BPS states is an important problem in supersymmetric theories. In the
context of string compactifications one is interested in the spectrum of bound states of D-
branes wrapped around cycles of the internal Calabi-Yau threefold. In recent years there
has been much progress in understanding degeneracies of D0 and D2-branes bound to a
single D6-brane in type IIA theory. It was found out that these degeneracies are related on
one hand to the topological string theory, and on the other to statistical models of crystal
melting [1, 2, 3], while the Donaldson-Thomas theory provides a mathematical framework
to describe these developments [4].
In fact the number of such bound states depends on the moduli of the the underlying
Calabi-Yau manifold. Once these moduli are varied certain states may either get bound
together or unbound and their numbers jump. The corresponding moduli space is therefore
divided into distinct chambers by loci called walls of marginal stability. The term wall-
crossing refers to understanding behavior of BPS counting functions upon crossing those
walls of marginal stability. While the issue of stability in various supersymmetric theories
has a long history, one of the sources of its new impetus in the context of D-branes in
string theory was the work of Denef and Moore [5]. In a parallel development a very
general mathematical theory which describes these phenomena has been formulated by
Kontsevich and Soibelman [6]. Subsequently these results were applied to local Calabi-
Yau manifolds from physical [7, 8, 9] and mathematical [10, 11, 12, 13, 14, 15, 16] points
of view. Recently, based on various string dualities [17], these results and their relation
to topological string theory were explained from the M-theory perspective for manifolds
without compact four-cycles [18].
In this paper we reformulate BPS counting and wall-crossing for the entire class of
local, toric Calabi-Yau manifolds without compact four-cycles, in terms of free fermions,
vertex operators and crystal melting.2 There are several motivations for our work. One
motivation is related to the wave-function interpretation of topological string theory [19,
20]. Such interpretation was originally proposed in the context of holomorphic anomaly
equations. Various explicit representations of topological string partition functions, as
states in the free fermion Hilbert space, were found in [21, 22, 23, 24]. However those
2While this paper was being prepared for publication, the author was informed that Kentaro Nagao
independently reformulated wall-crossing for local Calabi-Yau manifolds in terms of vertex operators and
obtained results overlapping with ours [29]. Our papers appear simultaneously.
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states were constructed only in one point in the moduli space, which corresponds to the
large radius limit. In [21] those states were related to integrable hierarchies. In [23]
by a chain of string dualities their physical origin was found in terms of open strings
stretching between intersecting D4 and D6-branes. It is therefore interesting whether
some analogous wave-function interpretation extends also to other chambers of the moduli
space. In this paper we show that this is indeed true. Firstly, we find a new set of
fermionic states which encode the quantum structure of local, toric Calabi-Yau manifolds
without compact four-cycles, such that their overlaps are equal to the modulus square of
the corresponding topological string partition functions. These states are different than
those found in [21] for the same manifolds. In particular the states which we find here are
naturally associated to the non-commutative Donaldson-Thomas chamber. Nonetheless,
both of them are given by a Bogoliubov transformation of the fermionic vacuum. Secondly,
we also find fermionic interpretation of wall-crossing in a large set of chambers, and realize
BPS generating functions in those chambers as various fermionic correlators. While we do
not provide a clear physical explanation why such fermionic quantum states should occur,
we believe it should exist.
Another motivation of our work is related to Calabi-Yau crystals. Similarly as in
the wave-function case, originally a crystal interpretation of BPS counting was realized
in one particular chamber of the moduli space and was intimately related to the vertex
operators [1, 2]. More recently, a generating function of pyramid partitions for the resolved
conifold in another special chamber was computed using free fermion formalism [13]. It is
natural to expect that such fermionic crystal representation of BPS counting should hold
for all chambers and much larger class of manifolds. In this paper we indeed find such
representation for local, toric Calabi-Yau manifolds without compact four-cycles, in a large
set of chambers.
The main results of this paper are briefly summarized below.
1.1 Summary of the results
Let M denote a toric Calabi-Yau manifolds without compact four-cycles. Firstly, we
associate to M two states
|Ω±〉 ∈ H
in the Hilbert space of free fermion H, such that
Z ≡ |Ztop|
2 = 〈Ω+|Ω−〉, (1)
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where Ztop denotes the instanton part of the topological string partition function of M ,
and Z is the generating function of the non-commutative Donaldson-Thomas invariants.
Secondly, we find a large set of wall-crossing operatorsW p,W
′
p, which inserted n times
in the above correlator encode the BPS generating functions in chambers corresponding
to turning on n, respectively positive and negative, quanta of the B-field through p’th
two-cycle of M . These generating functions, according to the prescription of [18] are given
by a restriction of |Ztop|
2. In our formalism, in chambers connected by a finite number of
walls of marginal stability to the non-commutative Donaldson-Thomas region, or to the
core region with Z˜ = 1 (i.e. corresponding to positive or negative radius R in the M-theory
interpretation), they are given respectively by
Zn|p = 〈Ω+|(W p)
n|Ω−〉, Z
′
n|p = 〈Ω+|(W
′
p)
n|Ω−〉, (2)
Z˜n|p = 〈0|(W p)
n|0〉, Z˜ ′n|p = 〈0|(W
′
p)
n|0〉. (3)
From our point of view the generating function in the core region, corresponding to a single
D6-brane, is given by
Z˜ = 〈0|0〉 = 1.
In particular, the change from positive to negative values of R, which corresponds for
example to the so-called DT/PT transition [4, 12], is represented in our formalism by the
change of the ground state representing the manifold
|Ω±〉 ←→ |0〉.
More precisely, the equality of the above correlators to the BPS partition functions arises
upon an appropriate identification of parameters (i.e. colors of the crystal with Kähler
parameters and string coupling), which we find in each case that we consider.
Thirdly, we find a crystal melting interpretation of all these generating functions. They
turn out to be related, respectively, to the generating functions
Z, Zn|p, Z˜n|p, Z
′
n|p, Z˜
′
n|p, Z˜,
of multi-colored crystals, also under appropriate identification of crystal and stringy pa-
rameters. The shape and coloring of these crystals is encoded in the toric diagram of the
Calabi-Yau manifold, and for non-trivial chambers also in the structure of the wall oper-
ators W p,W
′
p. We also discuss evolution of crystals and find a crystal interpretation of
various geometric transitions, such as the flop transition and DT/PT transition. In par-
ticular, in our framework we can easily prove the relation between certain BPS generating
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functions for the conifold and finite pyramid partitions conjectured in [8], and generalize it
to other manifolds. Moreover, the crystals which we find provide a unifying point of view
on various crystal models considered in literature in recent years.
This paper is organized as follows. In section 2 we review necessary background on
wall-crossing, free fermion formalism and crystal melting, and set up various conventions
and notation. In section 3 we describe in detail the results summarized above for the class
of manifolds encoded in an arbitrary triangulation of a strip. In section 4 we illustrate
these results in several examples and find more general wall-crossing operators. We also
analyze the closed topological vertex geometry, which is a case that does not arise from
a triangulation of a strip. Section 5 contains proofs of the statements given in section 3.
Section 6 contains summary and discussion.
2 Preliminaries
In this section we review some background material, as well as set the notation and
conventions used in further parts of the paper. In section 2.1 we review a physical picture of
wall-crossing for manifolds without compact four-cycles, on which we will rely in derivation
of some of our results. In section 2.2 we review the formalism of free fermions and the
construction of vertex operators. In section 2.3 we recall how these can be used to solve
certain models of three-dimensional melting crystals, which in particular arise in connection
with enumerative invariants of Calabi-Yau threefolds. In section 2.4 we review the wall-
crossing for the resolved conifold, which we will generalize to a large class of manifolds in
section 3.
2.1 Wall-crossing for local Calabi-Yau manifolds
In this section we review the wall-crossing phenomena for local toric Calabi-Yau man-
ifolds without four-cycles. One large class of such manifolds can be encoded in toric
diagrams which arise from a triangulation of a strip, as we will explain in detail in section
3.2. Another example of such a geometry (which does not arise from a triangulation of a
strip) is the closed topological vertex presented in section 4.6.
Mathematically wall-crossing describes a change of generalized Donaldson-Thomas in-
variants upon crossing the walls of marginal stability. Generating functions of such gen-
eralized Donaldson-Thomas invariants for the local geometries mentioned above, in vari-
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ous chambers were derived by mathematicians in [10, 13, 15, 16]. Physically generalized
Donaldson-Thomas invariants correspond to numbers of D6-D2-D0 bound states, and for
the resolved conifold they were analyzed in [7, 8, 9]. Recently a physical prescription for
determining BPS generating functions in all chambers, for general manifolds without com-
pact four-cycles, was derived in [18]. For local manifolds mentioned above this prescription
agrees with mathematical results. This also makes contact with topological string theory
and fits naturally in the context of our results. We therefore review the wall-crossing for
local geometries from the perspective of this paper.
The idea of [18] is as follows. The system of D6-D2-D0 branes in type IIA theory can
be lifted to M-theory on S1, whereupon D6-brane transforms into a geometric background
of a Taub-NUT space with unit charge, extending in directions transverse to the D6-brane.
This Taub-NUT space is a circle S1TN fibration over R
3, with S1TN shrinking to a point in the
location of the D6-brane and attaining a radius R at infinity. The counting of bound states
involving D6-brane is then reinterpreted as the counting of BPS states of M2-branes in
this Taub-NUT space. This counting does not change when the radius R grows to infinity
and Taub-NUT approaches R4. Moreover, from the spacetime perspective, the resulting
generating functions of BPS degeneracies would factorize into a product of single particle
partition functions if there would be no interaction among five-dimensional particles. It is
then argued that this can be achieved if the following two conditions are satisfied. Firstly,
the moduli of the Calabi-Yau have to be tuned such that M2-branes wrapped in various
ways have aligned central charges. This can be achieved by considering vanishing Kähler
parameters of the Calabi-Yau space. At the same time, to avoid generation of massless
states, non-trivial flux of the M-theory three-form field through the two-cycles of the
Calabi-Yau and S1TN have to be turned on. In type IIA this flux translates to the B-field
flux B through two-cycles of Calabi-Yau. For a state arising from D2 wrapping a class β
the central charge then reads
Z(l, β) =
1
R
(l +B · β), (4)
where l counts the D0-brane charge, which is taken positive to preserve the same super-
symmetry. The second condition requires that the only BPS states in the Taub-NUT
geometry are particle-like, and therefore there are no string-like states which would arise
from M5-branes wrapped on four-cycles. This is why the results of [18] hold for Calabi-Yau
geometries without compact four-cycles.
Under the above two assumptions, and in the limit R→∞, the counting of D6-D2-D0
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bound states translates to the counting of particle degeneracies on R4 × S1, arising from
M2-branes wrapped on cycles β. The excitations of these particles in R4, parametrized by
two complex variables z1, z2, are accounted for by the modes of the holomorphic field
Φ(z1, z2) =
∑
l1,l2
αl1,l2z
l1
1 z
l2
2 .
Under a decomposition of the isometry group of R4 as SO(4) = SU(2) × SU(2)′ there
are Nm,m
′
β five-dimensional BPS states of intrinsic spin (m,m
′). The degeneracies we are
interested in correspond to the net number obtained by tracing over the SU(2)′ spins, and
are expressed by Gopakumer-Vafa invariants
Nmβ =
∑
m′
(−1)m
′
Nm,m
′
β .
The total angular momentum of a given state contributing to the index is l = l1 + l2 +m.
Now the invariant degeneracies are expressed as the trace over the corresponding Fock
space, subject to the condition that all the contributing states are mutually BPS, i.e.
Z(l, β) =
1
R
(l +B · β) > 0. (5)
Therefore, in a chamber specified by the moduli R and B
Z(R,B) = TrFockq
Q0
s Q
Q2|Z(l,β)>0 =
=
∏
β,m
∏
l1+l2=l
(1− ql1+l2+ms Q
β)N
m
β |Z(l,β)>0
=
∏
β,m
∞∏
l=1
(1− ql+ms Q
β)lN
m
β |Z(l,β)>0, (6)
where Q = e−T and qs = e
−gs encode respectively the Kähler class T and the string
coupling gs. Note that the product over β runs over both positive and negative classes, so
that both M2 and anti-M2-branes contribute to the index as long as the condition (5) is
satisfied.
An important observation in [18] is also the fact that the BPS generating functions are
simply related to the topological string partition function
Z(R,B) = Ztop(Q)Ztop(Q
−1)|chamber ≡ |Ztop(Q)|
2|chamber. (7)
Here the subscript |chamber denotes restriction to contributions from states for which
Z(l, β) > 0 in a given chamber, and the topological string partition function is expressed
8
through Gopakumar-Vafa invariants
Ztop(Q) = M(q)
χ/2
∞∏
l=1
∏
β>0,m
(1−Qβqm+ls )
lNm
β ,
where M(q) =
∏
l(1− q
l)−l is the MacMahon function and χ is the Euler characteristic of
the Calabi-Yau manifold.
There are a few interesting special cases of the relation (7). For positive R and infinite
B we get contributions from states with arbitrary n and positive β, so that we get
Z(R > 0, B →∞) = M(1, q)χ/2Ztop(Q). (8)
This immediately leads to the relation between the Gromov-Witten and Donaldson-
Thomas invariants discussed in [2]. For positive R and B sufficiently small 0 < B << 1
all n and β contribute, which corresponds to the chamber for which non-commutative
Donaldson-Thomas invariants [10] are defined
Z(R > 0, 0 < B << 1) = Ztop(Q)Ztop(Q
−1) ≡ |Ztop(Q)|
2. (9)
For negative R and B sufficiently small, only a single D6-brane contributes to the partition
function
Z˜(R < 0, 0 < B << 1) = 1. (10)
In general in what follows we will denote BPS generating functions in chambers with
positive R by (curly) Z, and in chambers with negative R by Z˜. In this paper we will show
that they are equal to certain free fermion amplitudes, as well as crystal model generating
functions denoted respectively by (non-curly) Z and Z˜, under a simple identification of
parameters on both sides.
2.2 Free fermion formalism
Formalism of free fermions in two dimensions is well known [25, 26] and ubiquitous in
literature on topological strings and crystal melting [1, 3, 13, 21, 23]. The main purpose
of this section is therefore to set up a notation which we will follow in the remaining parts
of this paper. Our conventions follow closely those of [13].
The states in the free fermion Fock space are created by the action of the anti-
commuting modes of the fermion field
ψ(z) =
∑
k∈Z
ψk+1/2z
−k−1, ψ∗(z) =
∑
k∈Z
ψ∗k+1/2z
−k−1, {ψk+1/2, ψ
∗
−l−1/2} = δk,l
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on the vacuum |0〉. Each state
|µ〉 =
d∏
i=1
ψ∗−ai−1/2ψ−bi−1/2|0〉, with ai = µi − i, bi = µ
t
i − i,
corresponds in a unique way to a two-dimensional partition µ = (µ1, µ2, . . . µl). The modes
αm of the bosonized field ∂φ =: ψ(z)ψ
∗(z) : satisfy the Heisenberg algebra [αm, α−n] =
nδm,n.
One can now define vertex operators
Γ±(x) = e
∑
n>0
xn
n
α±n , Γ′±(x) = e
∑
n>0
(−1)n−1xn
n
α±n , (11)
which act on fermionic states |µ〉 corresponding to partitions µ as [25, 26, 13]
Γ−(x)|µ〉 =
∑
λ≻µ
x|λ|−|µ||λ〉, Γ+(x)|µ〉 =
∑
λ≺µ
x|µ|−|λ||λ〉, (12)
Γ′−(x)|µ〉 =
∑
λt≻µt
x|λ|−|µ||λ〉, Γ′+(x)|µ〉 =
∑
λt≺µt
x|µ|−|λ||λ〉, (13)
where the interlacing relation between partitions is defined by
λ ≻ µ ⇔ λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ λ3 ≥ . . . . (14)
The operator Γ′ is in fact the inverse of Γ with negative argument. These operators
satisfy commutation relations
Γ+(x)Γ−(y) =
1
1− xy
Γ−(y)Γ+(x), (15)
Γ′+(x)Γ
′
−(y) =
1
1− xy
Γ′−(y)Γ
′
+(x), (16)
Γ′+(x)Γ−(y) = (1 + xy)Γ−(y)Γ
′
+(x), (17)
Γ+(x)Γ
′
−(y) = (1 + xy)Γ
′
−(y)Γ+(x). (18)
We also introduce various colors qg and the corresponding operators Q̂g (a hat is to
distinguish them from Kähler parameters Qi)
Q̂g|λ〉 = q
|λ|
g |λ〉. (19)
These operators commute with vertex operators up to a scaling of the argument
Γ+(x)Q̂g = Q̂gΓ+(xqg), Γ
′
+(x)Q̂g = Q̂gΓ
′
+(xqg), (20)
Q̂gΓ−(x) = Γ−(xqg)Q̂g, Q̂gΓ
′
−(x) = Γ
′
−(xqg)Q̂g. (21)
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2.3 Crystal melting
Since the work [1, 2] it is known that various enumerative invariants of Calabi-Yau
manifolds turn out to be related to statistical models of crystal melting. More precisely,
generating functions of those enumerative invariants are equal to partition functions of crys-
tal models in the grand canonical ensemble. Such crystal partition functions are computed
as sums over all possible crystal configurations subject to appropriate rules, with weights
given by the number (or its refinements) of (missing) elementary crystal constituents in a
given configuration.
Enumerative invariants of Calabi-Yau threefolds are related to three-dimensional crystal
models. A simple example of such a model consists of unit cubes filling the positive octant
of R3 space. A unit cube located in position (I, J,K) can evaporate from this crystal only
if all other cubes with coordinates (i ≤ I, j ≤ J, k ≤ K) already evaporated. Therefore all
missing configurations are in one-to-one correspondence with three-dimensional partitions
π, also called plane partitions. Weighting each such configuration by the number of boxes it
consists of |π|, the partition function of this model turns out to be the MacMahon function
M(q) ≡ M(1, q)
Z =
∑
pi
q|pi| =
∞∑
l=0
p(l)ql =
∞∏
l=1
1
(1− ql)l
= M(q).
Mathematically the numbers p(l) encode Donaldson-Thomas invariants, while from the
string theory viewpoint they count the number of bound states of l D0-branes with a
single D6-brane covering C3 [1, 2]. In what follows we also often use generalized MacMahon
functions
M(x, q) =
∞∏
i=1
(1− xqi)−i, M˜(x, q) = M(x, q)M(x−1, q). (22)
The above partition function Z is a prototype example which can be computed using
free fermion formalism and vertex operators. Denoting the axes of R in which the crystal is
embedded by x, y, z, we first slice each possible crystal configuration (or rather its missing
complement) by planes given by x − y ∈ Z, as shown in figure 1. One can show that
a configuration of boxes in each such slice corresponds to a two-dimensional partition,
and two such partitions, corresponding to two neighboring slices, satisfy the interlacing
condition (14). Therefore constructing all possible crystal configurations is equivalent to
building them slice by slice from interlacing partitions. Precisely such an operation is
performed by Γ± operators (12). Counting of boxes in a given plane partition can also
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be performed slice by slice using single operator Q̂ defined in (19). Therefore the above
partition function can be computed by writing infinite series of operators Γ±(1)Q̂ acting
on two vacua representing empty two-dimensional diagrams, and then commuting them
according to (15) and (21)
Z = 〈0| . . . Q̂Γ+(1)Q̂Γ+(1)Q̂Γ+(1)Q̂Γ−(1)Q̂Γ−(1)Q̂Γ−(1)Q̂ . . . |0〉 = (23)
= 〈0| . . .Γ+(q
2)Γ+(q)Γ+(1)Γ−(q)Γ−(q
2)Γ−(q
3) . . . |0〉 =
=
∞∏
l1,l2=1
1
1− ql1+l2−1
= M(q).
This computation is represented in figure 1 (right), with arrows representing insertions of
Γ± operators along two axes.
Figure 1: Slicing of a plane partition (left) into a sequence of interlacing two-
dimensional partitions (right). A sequence of Γ± operators in (23) which create
two-dimensional partitions is represented by arrows inserted along two axes.
Directions of arrows → represent interlacing condition ≻ on partitions. We
reconsider this example from a new viewpoint in figure 6.
The example presented above is very simple, as it involves just one color Q̂ and only
Γ± operators. More complicated crystal models can involve more colors, as well as both
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Γ± and Γ
′
± operators. A family of multicolored crystals (realized by multicolored plane
partitions) corresponding to C3/ZN orbifolds was considered in [13]. On the other hand the
crystal model encoding generalized Donaldson-Thomas invariants for the conifold involves
two-colored pyramid partitions which are built by an application of interlacing sequence
of Γ and Γ′ operators, as we will discuss in more detail in sections 2.4 below and 4.3. In
section 3 we find a unifying viewpoint on all these examples.
2.4 Wall-crossing for the conifold and pyramid partitions
In this section we briefly review the wall-crossing for the resolved conifold. The struc-
ture of walls and chambers has been analyzed in this case in [7, 8, 10, 15], and it is of
course consistent with the results in [18] summarized in section 2.1. For each chamber
there is also an associated crystal model of two-colored pyramid partitions, and crossing
a wall of marginal stability corresponds to the extension of the pyramid crystal. One can
also translate counting of pyramid partitions into a dimer model; in this language crossing
a wall corresponds to a combinatorial operation called dimer shuffling. The structure of
these pyramid crystal models or dimers can also be encoded in a quiver and an associated
potential.
Figure 2: Infinite pyramids with one (left) and four (right) stones in the top
row. Their generating functions are given respectively by Zpyramid0 and Z
pyramid
3 .
The space of stability conditions of the conifold can be divided into several infinite
countable sets of chambers. As explained in section 2.1, BPS generating functions in all
chambers can also be related to the (square of the) topological string partition function
Zconifoldtop (Q) = M(1, qs)
∏
k≥1
(1−Qqks )
k (24)
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with appropriate values of the moduli R and the B field through P1 of the conifold. Here
qs = e
−gs and Kähler modulus T is encoded in Q = e−T . This topological string partition
function encodes the Gopakumar-Vafa invariants
N0β=0 = −2, N
0
β=±1 = 1.
For future reference we write down BPS generating functions for two sets of chambers
below. We stress that the labeling of the chambers, as well as an identification of the
pyramid colors q0, q1 with string parameters qs, Q is slightly different than in [7, 15]. The
conventions we use are well motivated from the point of view of the formalism developed
in section 3.
The first set of chambers is characterized by R > 0 and positive B ∈]n, n + 1[ (for
n ≥ 0). It extends between the non-commutative region of Szendroi (9) and the chamber
with standard Donaldson-Thomas invariants (8). BPS partition functions are labeled by
n and read
Zconifoldn = M(1, q)
2
∏
k≥1
(1−Qqks )
k
∏
k≥n+1
(1−Q−1qks )
k. (25)
These partition functions are related to pyramid partitions with two colors q0 and q1,
presented in figure 2. The generating function of a pyramid with n+ 1 yellow boxes in its
top row is
Zpyramidn (q0, q1) = M(1, q0q1)
2
∏
k≥n+1
(1 + qk0q
k+1
1 )
k−n
∏
k≥1
(1 + qk0q
k−1
1 )
k+n (26)
and it reproduces Zconifoldn ≡ Z
pyramid
n under the identification of parameters
Zconifoldn chambers : qs = q0q1, Q = −q
n
s q1.
For n = 0 the non-commutative Donaldson-Thomas partition function [10, 11] corresponds
to a pyramid with just one stone in the top row, while n→∞ corresponds to the pyramid
which looks like a half-infinite prism.
The second set of chambers is characterized by R < 0 and positive B ∈]n − 1, n[ (for
n ≥ 1). It extends between the core region with a single D6-brane (10) and the chamber
characterized by so-called Pandharipande-Thomas invariants (for the flopped geometry, or
equivalently for anti-M2-branes); the BPS generating functions read
Z˜conifoldn =
n−1∏
j=1
(
1−
qjs
Q
)j
. (27)
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The corresponding statistical models were conjectured in [8] to correspond to finite pyra-
mids with n− 1 stones in the top row, as shown in figure 3. In section 4.3 we will provide
a new proof of this statement,3 and show that the generating functions of such partitions
are equal to
Z˜pyramidn (q0, q1) =
n−1∏
j=1
(1 + qn−j0 q
n−j−1
1 )
j. (28)
The equality Z˜conifoldn ≡ Z˜
pyramid
n arises upon an identification
Z˜conifoldn chambers : q
−1
s = q0q1, Q = −q
n
s q1.
Figure 3: Finite pyramids with m = 1, 2, 3 stones in the top row (respectively
left, middle and right), whose generating functions are given by Z˜pyramidm+1 (note
that Z˜pyramid1 = 1 corresponds to an empty pyramid corresponding to the pure
D6-brane).
There are two more sets of chambers characterized by the negative value of the B-field.
The corresponding generating functions are of the analogous form as above, but with Q
replaced by Q−1. We will see that in a natural way they correspond to pyramids with a
vertical top row consisting of red stones (rather than the horizontal yellow top rows as in
figures 2 and 3, even though such a correspondence would also be possible, albeit with less
natural identification of parameters).
3 Results
In this section we consider wall-crossing for local, toric Calabi-Yau manifolds without
compact four-cycles. We reformulate it in the free fermion framework and find the corre-
3This statement has been proved also by mathematicians in [15].
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sponding crystal melting picture, as anticipated in section 1.1. Unless otherwise stated,
we use notation and conventions introduced in section 2.
There are two classes of local, toric Calabi-Yau manifolds without compact four-cycles.
The first class corresponds to manifolds whose toric diagram is given by the so-called
triangulation of a strip. The second class consists just of the closed topological vertex and
its flop, which do not arise from a triangulation of a strip. Nonetheless the case of the
closed topological vertex is closely related to one particular manifold from the first class.
For this reason we focus now mainly on the first class of manifolds, and discuss the closed
topological vertex later on in section 4.6.
3.1 Triangulations and associated operators
To reformulate wall-crossing in the fermionic language we associate first several opera-
tors to a given local, toric manifold which arises from a triangulation of a strip.
We recall first that such manifolds arise from a triangulation, into triangles of area 1/2,
of a long rectangle or a strip of height 1. A toric diagram arises as a dual graph to such
a triangulation. Each P1 in a Calabi-Yau geometry, represented by a finite interval in a
toric diagram, corresponds to an inner line in a strip triangulation. From each vertex in a
toric diagram emanates one semi-infinite vertical line, which crosses either the upper or the
lower edge of the strip. Two such consecutive lines can emanate either in the same or in
the opposite direction, respectively when they are the endpoints of an interval representing
P1 with local O(−2)⊕O or O(−1)⊕O(−1) neighborhood.
We introduce the following notation. We number independent P1’s from 1 toN , starting
from the left end of the strip, and denote their Kähler parameters by Qi = e
−Ti , i =
1, . . . , N . We also number, starting from the left, all vertices in a toric diagram, and
associate to each vertex its type ti = ±1, in the following way
4: if the local neighborhood
of P1, represented by an interval between vertices i and i+1, is O(−2)⊕O, then ti+1 = ti;
if this neighborhood is of O(−1) ⊕ O(−1) type, then ti+1 = −ti. The type of the first
vertex could be chosen arbitrarily, but to fix attention we set t1 = +1. We also recall that
the instanton part of the closed topological string partition function for such geometries
reads [27]
Ztop(Qi) = M(1, q)
N+1
2
∞∏
l=1
∏
1≤i<j≤N+1
(
1− ql (QiQi+1 · · ·Qj−1)
)−(titj)l
. (29)
4In the same way the type A or B was associated to vertices in a triangulation of a strip in [27].
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Figure 4: Toric Calabi-Yau manifolds represented by a triangulation of a strip.
There are N independent P1’s with Kähler parameters Qi = e
−Ti, and N + 1
vertices to which we associate Γ and Γ′ operators represented respectively by ⊕
and ⊖ signs. Yellow intervals, which connect vertices with opposite signs, rep-
resent O(−1)⊕O(−1)→ P1 local neighborhoods. Red intervals, which connect
vertices with the same signs, represent O(−2) ⊕ O → P1 local neighborhoods.
The first vertex on the left is chosen to be ⊕.
Below we introduce several operators which are the main building blocks of the
fermionic and crystal construction. Their structure is encoded in the toric diagram of
the manifold described above. These operators are given by a string of N + 1 vertex op-
erators Γti±(x) (introduced in (11)) which we associate to the vertices of the toric diagram,
and determine their type by the type of these vertices ti such that
Γti=+1± (x) = Γ±(x), Γ
ti=−1
± (x) = Γ
′
±(x).
Moreover this string of Γti±(x) operators is interlaced with N +1 operators Q̂i representing
colors qi, for i = 0, 1, . . . , N . Operators Q̂1, . . . , Q̂N are associated to P
1 in the toric
diagram, and there is an additional Q̂0. We also define
Q̂ = Q̂0Q̂1 · · · Q̂N , q = q0q1 · · · qN . (30)
To sum up, the upper indices of Γti±(x) and a choice of colors of the operators which we
introduce below are specified by the data of the toric manifold under consideration. The
lower indices ± will be related to the wall-crossing chamber we will be interested in.
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Now we can introduce the operators of interest. The first two are defined as
A±(x) = Γ
t1
±(x)Q̂1Γ
t2
±(x)Q̂2 · · ·Γ
tN
± (x)Q̂NΓ
tN+1
± (x)Q̂0. (31)
Commuting all Q̂i’s to the left or right using (21) we also introduce related operators
A+(x) = Q̂
−1A+(x) = Γ
t1
+
(
xq
)
Γt2+
(xq
q1
)
Γt3+
( xq
q1q2
)
· · ·Γ
tN+1
+
( xq
q1q2 · · · qN
)
, (32)
A−(x) = A−(x) Q̂
−1 = Γt1−(x)Γ
t2
−(xq1)Γ
t3
−(xq1q2) · · ·Γ
tN+1
− (xq1q2qN). (33)
Secondly, we define operators which we will refer to as the wall-crossing operators
W p(x) =
(
Γt1−(x)Q̂1Γ
t2
−(x)Q̂2 · · ·Γ
tp
−(x)Q̂p
)(
Γ
tp+1
+ (x)Q̂p+1 · · ·Γ
tN
+ (x)Q̂NΓ
tN+1
+ (x)Q̂0
)
(34)
W
′
p(x) =
(
Γt1+(x)Q̂1Γ
t2
+(x)Q̂2 · · ·Γ
tp
+(x)Q̂p
)(
Γ
tp+1
− (x)Q̂p+1 · · ·Γ
tN
− (x)Q̂NΓ
tN+1
− (x)Q̂0
)
(35)
The order of Γ and Γ′ is the same as for A± operators; the only difference is that now there
are subscripts ∓ on first p operators and ± on the remaining ones.
In what follows we also use the following auxiliary operators, defined for fixed p (cor-
responding to fixed p’th P1 in the toric geometry):
γ1+(x) = Γ
t1
+
(
xq
)
Γt2+
(xq
q1
)
Γt3+
( xq
q1q2
)
· · ·Γ
tp
+
( xq
q1q2 · · · qp−1
)
,
γ2+(x) = Γ
tp+1
+
( xq
q1q2 · · · qp
)
· · ·Γ
tN+1
+
( xq
q1q2 · · · qN
)
,
γ1−(x) = Γ
t1
−(x)Γ
t2
−(xq1)Γ
t3
−(xq1q2) · · ·Γ
tp
−(xq1q2 · · · qp−1),
γ2−(x) = Γ
tp+1
− (xq1q2 · · · qp) · · ·Γ
tN+1
− (xq1q2 · · · qN).
With these definitions we can simply write
W p(x) = γ
1
−(x)γ
2
+(x/q)Q̂, W
′
p(x) = γ
1
+(x/q)γ
2
−(x)Q̂. (36)
Moreover A± defined in (32) and (33) can be written (for any p ∈ 1, N) as
A±(x) = γ
1
±(x)γ
2
±(x). (37)
When the argument of any of these operators is x = 1, we will often use a simplified
notation in which this argument is skipped, i.e.
A± ≡ A±(1), A± ≡ A±(1), W p ≡W p(1), W
′
p ≡W
′
p(1).
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3.2 Quantization of geometry
In the previous section we considered a toric manifold specified by a triangulation of a
strip, and encoded its structure in operators A±, which are specified by a sequence of Γ
and Γ′. We can actually do more and represent each such manifold by two states in the
Hilbert space of a free fermion H
|Ω±〉 ∈ H.
We define these states as
〈Ω+| = 〈0| . . .A+(1)A+(1)A+(1) = 〈0| . . .A+(q
2)A+(q)A+(1), (38)
|Ω−〉 = A−(1)A−(1)A−(1) . . . |0〉 = A−(1)A−(q)A−(q
2) . . . |0〉. (39)
To define these states we used only the classical data of the toric manifold, which is
encoded in operators A+(1). Nonetheless they carry information about the full instanton
part of the topological string amplitudes, to all orders in string coupling. Our first claim
is that the overlap of these states
Z = 〈Ω+|Ω−〉, (40)
is equal to the BPS partition function Z in the chamber corresponding to the non-
commutative Donaldson-Thomas invariants
Z = Z ≡ |Ztop|
2 ≡ Ztop(Qi)Ztop(Q
−1
i ), (41)
with Ztop(Qi) given in (29), and under the following identification between qi parameters
which enter a definition of |Ω±〉 and string parameters Qi = e
−Ti and qs = e
−gs:
qi = (titi+1)Qi, qs = q ≡ q0q1 · · · qN . (42)
The proof of the statement (41) is given in section 5.1.
We note that the states |Ω±〉 are different than the states |V 〉 which one can associate
to the same geometry in the B-model picture of [21]. They have also different properties.
In particular, in the framework of [21] the expression of the form 〈V |V 〉 = Z ′top would
represent the topological string partition function of the manifold obtained from gluing
two copies of a given manifold to each other. In our case the overlap (40) gives the square
of the topological string partition function of the manifold itself. We also stress that the
states |V 〉 are suitable for the large radius limit point in the moduli space, whereas |Ω±〉 are
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naturally associated with the non-commutative Donaldson-Thomas chamber. Nonetheless,
similarly as for the states |V 〉, it is tempting to think of the states |Ω±〉 as providing some
wave-function interpretation of the underlying classical manifolds, in the spirit of [19, 20].
The states |Ω±〉 relate to the topological string partition function and characterize an
extremal chamber in which non-commutative Donaldson-Thomas invariants are defined.
There is another extremal case corresponding to the chamber with a single D6-brane with
no bound states, so that BPS partition function reads
Z˜ = 1.
In our formalism in this chamber this partition function can be understood simply as
Z˜ = 〈0|0〉 = 1, (43)
and clearly Z˜ = Z˜. This suggests associating the vacuum state |0〉 to the manifold. We
will see shortly that this association makes sense also in multitude of other chambers.
3.3 Wall-crossing operators
In the previous section we realized BPS partition functions in two extreme chambers
as fermionic correlators. Now we show that BPS generating functions can be realized as
fermionic correlators also in various other chambers.
As discussed in section 2.1 only those bound states of D0, D2 or anti-D2-branes with
D6-brane can exist for which the central charge (4) is positive
Z(R,B) =
1
R
(n + β · B) > 0.
The fermionic correlators we are after must therefore contain an information about the
moduli R and B. Our first claim is that the information about R is encoded in the ground
state which represents a manifold. This ground state depends only on the sign of R and
should be chosen as follows
R > 0 −→ |Ω±〉, R < 0 −→ |0〉. (44)
This choice is of course consistent with (40) and (43).
Our second claim is that crossing the wall of marginal stability corresponds to the inser-
tion of operatorsW p orW
′
p defined in (34) and (35). For this reason we call these operators
the wall-crossing operators. Insertion of these operators contains information about the
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amount of the B-field turned on. In this paper we analyze chambers corresponding to an
arbitrary flux of the B-field through only one, but arbitrary P1 in the manifold. We fix
the number of this P1 as p, see figure 4. We claim that insertion of n copies of operators
W p or W
′
p creates respectively n positive or negative quanta of the flux through p’th P
1.
Therefore, depending on the signs of R and B, we have in total four possible situations
which we consider separately below. Proofs of all statements in these four situations are
given in section 5.2.
Chambers with R < 0, B > 0
Consider a chamber characterized by positive R and positive B-field through p’th two-
cycle
R < 0, B ∈]n− 1, n[ for 1 ≤ n ∈ Z.
The BPS partition function in this chamber contains only those factors which include Qp
and it reads
Z˜n|p =
n−1∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1−
qis
QsQs+1 · · ·Qr−1
)−trtsi
.
On the other hand we can compute the expectation value of n wall-crossing operators
W p. We find that
Z˜n|p = 〈0|(W p)
n|0〉 =
n−1∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1− (trts)
qn−i
qsqs+1 · · · qr−1
)−trtsi
. (45)
The proof of this equality is given is section 5.2.
Therefore, under the following change of variables
Qp = (tptp+1)qpq
n
s , Qi = (titi+1)qi for i 6= p, qs =
1
q
. (46)
the correlator (45) reproduces the BPS partition function
Z˜n|p = Z˜n|p. (47)
An insertion of W p has an interpretation of turning on a positive quantum of B-field,
and the redefinition of Qp can be interpreted as effectively enlarging Kähler parameter Tp
by one unit of gs. In fact the minimal number of insertions is n = 1. Because in W p all Γ+
operators are to the right of Γ−, an insertion of one operator does not have any effect, so
Z˜1|p = 〈0|W p|0〉 = 〈0|0〉 = 1,
still represents a chamber with a single D6-brane and no other branes bound to it.
21
Chambers with R > 0, B > 0
In the second case we consider the positive value of R and the positive flux through
p’th P1
R > 0, B ∈]n, n + 1[ for 0 ≤ n ∈ Z.
Denote the BPS partition function in this chamber by Zn|p.
We find that the expectation value of n wall-crossing operators W p in the background
of |Ω〉 has the form
Zn|p = 〈Ω+|(W p)
n|Ω−〉 = M(1, q)
N+1 Z
(0)
n|pZ
(1)
n|p Z
(2)
n|p, (48)
where Z
(0)
n|p does not contain any factors (qs · · · qr−1)
±1 which would include qp, while
Z
(1)
n|p contains all factors qs · · · qr−1 which do include qp, and Z
(2)
n|p contains all factors
(qs · · · qr−1)
−1 which also include qp:
Z
(0)
n|p =
∞∏
l=1
∏
p/∈s,r+1⊂1,N+1
(
1− (trts)
ql
qsqs+1 · · · qr−1
)−trtsl(
1− (trts)q
lqsqs+1 · · · qr−1
)−trtsl
,
Z
(1)
n|p =
∞∏
l=1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)q
l+nqsqs+1 · · · qr−1
)−trtsl
,
Z
(2)
n|p =
∞∏
l=n+1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)
ql−n
qsqs+1 · · · qr−1
)−trtsl
.
Clearly the change of variables
Qp = (tptp+1)qpq
n
s , Qi = (titi+1)qi for i 6= p, qs = q (49)
reproduces the BPS partition function
Zn|p = Zn|p. (50)
When no wall-crossing operator is inserted the change of variables reduces to (42) and we
get the non-commutative Donaldson-Thomas partition function (41), Z0|p = Z.
The proof of (48) and in consequence (50) is given in section 5.2.
Chambers with R < 0, B < 0
Now we consider negative R and negative B-field
R < 0, B ∈]− n− 1,−n[ for 0 ≤ n ∈ Z.
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For such a chamber the BPS partition function reads
Z˜ ′n|p =
n∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1− qisQsQs+1 · · ·Qr−1
)−trtsi
.
Now we find the the expectation value of n wall-crossing operators W
′
p is equal to
Z˜ ′n|p = 〈0|(W
′
p)
n|0〉 =
n∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1− (trts)q
n−iqsqs+1 · · · qr−1
)−trtsi
. (51)
This equality is proved in section 5.2. Therefore, under a change of variables
Qp = (tptp+1)qpq
−n
s , Qi = (titi+1)qi for i 6= p, qs =
1
q
, (52)
this reproduces the BPS partition function
Z˜ ′n|p = Z˜
′
n|p. (53)
Now an insertion of W p has an interpretation of turning on a negative quantum of
B-field, and the redefinition of Qp can be interpreted as effectively reducing tp by one unit
of gs. As we already discussed,
Z˜ ′0|p = 〈0|0〉 = 1
represents a chamber with a single D6-brane and no other branes bound to it. Contrary
to the case with B > 0, an insertion of a single W
′
p has a non-trivial effect.
Chambers with R > 0, B < 0
In the last case we consider positive R and negative B
R > 0, 0 > B ∈]− n,−n + 1[ for 1 ≤ n ∈ Z.
We denote the BPS partition function in this chamber by Z ′n|p.
We find that the expectation value of n operators W
′
p in the background of |Ω±〉 has
the form
Z ′n|p = 〈Ω+|(W
′
p)
n|Ω−〉 = M(1, q)
N+1 Z
′(0)
n|p Z
′(1)
n|p Z
′(2)
n|p (54)
where Z
′(0)
n|p does not contain any factors (qs · · · qr−1)
±1 which would include qp, Z
′(1)
n|p contains
all factors qs · · · qr−1 which do include qp, and Z
′(2)
n|p contains all factors (qs · · · qr−1)
−1 which
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also include qp:
Z
′(0)
n|p =
∞∏
l=1
∏
p/∈s,r+1⊂1,N+1
(
1− (trts)
ql
qsqs+1 · · · qr−1
)−trtsl(
1− (trts)q
lqsqs+1 · · · qr−1
)−trtsl
,
Z
′(1)
n|p =
∞∏
l=n
∏
p∈s,r+1⊂1,N+1
(
1− (trts)q
l−nqsqs+1 · · · qr−1
)−trtsl
,
Z
′(2)
n|p =
∞∏
l=1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)
ql+n
qsqs+1 · · · qr−1
)−trtsl
.
Clearly the change of variables
Qp = (tptp+1)qpq
−n−1
s , Qi = (titi+1)qi for i 6= p, qs = q. (55)
reproduces the BPS partition function
Z ′n|p = Z
′
n|p. (56)
We note that both Z ′1|p with the above change of variables, as well as Z0|p given in (48)
with a different change of variables in (49), lead to the same BPS generating function Z
which corresponds to the non-commutative Donaldson-Thomas invariants.
The proof of (54) and in consequence (56) is given in section 5.2.
3.4 Crystal melting interpretation
So far we have found a representation of D6-D2-D0 generating functions as correlators
in the free fermion theory. In this section we discuss crystal melting interpretation of these
correlators, and explain how to associate crystal models to local, toric manifolds without
compact four-cycles, based on the results described above. Our point of view generalizes
crystal models found previously, such as plane partitions for C3 crystal summarized briefly
in section 2.3 or pyramid partitions for the conifold crystal from section 2.4, and provides
an interesting unifying perspective. Furthermore we discuss evolution of crystals upon
changing the moduli of the theory.
Moreover, for the class of manifolds which we consider in this paper, we claim that our
crystals are equivalent to colored crystals introduced in [28] in terms of quiver diagrams
and relation to dimers. The construction of crystals explained in this section and their
evolution upon wall-crossing is illustrated in several examples in section 4.
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Construction of crystals
Our crystal interpretation is inherently related to the form of fermionic correlators
which we found in sections 3.2 and 3.3. All these correlators are constructed from opera-
tors A±, W p and W
′
p, which involve only vertex operators Γ± and Γ± with argument 1 and
color operators Q̂i. According to the relations (12) and (13), insertion of these vertex oper-
ators can be interpreted as insertion of two-dimensional partitions satisfying interlacing, or
transposed interlacing conditions. This corresponds to constructing the three-dimensional
crystal from two-dimensional slices. A relative position of the neighboring slices is deter-
mined by which vertex operator they are created. Additional insertions of color operators
have an interpretation of coloring the crystal. Because in all operators which we consider
in this paper the colors Q̂i appear in the same order, these colors are always repeated
periodically in the full correlators, and in consequence our crystals are made of interlacing
periodically colored slices.
All the information about the crystal, including its shape, coloring and interlacing
pattern, can be encoded in a simple graphical form. To do this we associate various arrows
to the vertex operators. This assignment is shown in figure 5. The arrows are always drawn
from left to right, or up to down (a direction of drawing is independent of the orientation
of the arrow). Then we translate a sequence of vertex operators which appear in a given
correlator into a sequence of corresponding arrows, and draw them such that the end of
one arrow becomes the end of the next one. We also keep track of the coloring by drawing
at the endpoint of each arrow a (dashed) line, rotated by 45o, colored according to Q̂i
which we come across. These lines represent two-dimensional slices in appropriate colors.
Figure 5: Assignment of arrows.
The zig-zag path which arises from the above prescription represents the shape of the
crystal, as seen from the top. In particular, the corners of two-dimensional partitions arising
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from slicing of the crystal are located at the end-points of the arrows. The orientation
of arrows represents the interlacing condition (i.e. arrows point from a larger to smaller
partition), and therefore it indicates a direction in which the crystal grows. The interlacing
pattern between two consecutive slices corresponds to the types of two consecutive arrows.
Finally, the points from which two arrows point outwards represent those stones in the
crystal, which can be removed from the initial, full crystal configuration. In fermionic
correlators these points correspond to Γti+ followed by Γ
tj
− operators. All these statements
are easy to check in the examples presented in section 4.
Evolution of crystals
It is also interesting to analyze the evolution of crystals upon crossing walls of marginal
stability. We stress that by a fixed crystal we understand a set of all admissible configu-
rations of its constituents (such as e.g. plane partitions) which fit into a fixed container
(such as the positive octant of C3). The term evolution refers to the evolution of a shape of
this underlying container, upon which the set of admissible crystal configurations of course
changes too. Such an evolution arises from changing values of moduli, so that the values
of the central charge (4)
Z(R,B) =
1
R
(l +B · β)
also change.
We consider first increasing or decreasing B-field through a fixed p’th P1. We focus
first on the noncommutative Donaldson-Thomas chamber with the BPS partition functions
given by (40)
Z = 〈Ω+|Ω−〉 = 〈0| . . .A+A+A+|A−A−A− . . . |0〉.
As all A± operators are built from Γ
ti
± vertex operators, the crystal for this chamber is
built in increasing direction following the string of A+’s, and then in decreasing direction
following the string of A−’s. There is only one point from which two arrows point outwards,
or equivalently Γ+ is followed by Γ−: this is just the point when A+ turns into A− in the
above correlator. Therefore for each manifold in this extreme chamber the crystal has only
one corner which can be removed from the initial, fully filled crystal configuration.
Moving to other chambers corresponds to changing the B-field and inserting wall-
operators, and therefore the structure of the crystal gets deformed. As explained in section
3.1, the wall-crossing operators (34) and (35) consist of a string of Γti+’s followed by a string
of Γ
tj
−, or vice versa. Therefore insertion of each such wall-crossing operator introduces one
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additional corner of the crystal. One exemption from this rule arises when W
′
p is inserted
into the extreme correlator (40): then the single vertex from the extreme configuration is
replaced by a new single vertex encoded in W
′
p.
One can also start from the other extreme chamber corresponding to a single D6-brane
(43). Turning on the B-field also modifies the crystal. An insertion of the firstW p operator
has no effect, as it has all Γti+ to the right of Γ
tj
−. Therefore a chamber characterized by
an insertion of (W p)
n+1 corresponds to a crystal with n corners. Similarly, a chamber
characterized by an insertion of (W
′
p)
n corresponds to a crystal with n corners.
We can also consider changing the sign of the B-field. This corresponds to changing
the counting of M2-branes into counting of the anti-M2-branes. At least for the conifold,
this can also be interpreted as a flop transition. To change a sign one has to remove all
W p operators, cross the extreme chamber, and then start adding W
′
p operators (or vice
versa). From the assignment of arrows in figure 5 we observe that changing a type of wall-
crossing operator corresponds to a perpendicular change of the direction in which crystal
is expanding. Such a crystal interpretation of the flop transition in the conifold case will
be discussed in section 4.4.
Finally one can consider changing a sign of R. This corresponds to changing the
ground state representing the manifold according to (44). For R > 0 the ground state is
represented by |Ω±〉 which includes of infinite number of A± operators, and therefore the
crystal extends infinitely in both associated directions. When R changes its sign to negative
values the ground state gets replaced by |0〉, and crystal becomes finite in both associated
directions, with the size specified by the number of wall-crossing operators inserted. This
dramatic change of size of the crystal provides an interpretation of the so-called DT/PT
transition [4, 12]. Moreover, in some cases, such as the conifold discussed in sections 2.4
and 4.3, the whole crystal is finite for R < 0. However the crystal can also extend infinitely
in the third dimension, as is the case for orbifold of C3 discussed in section 4.2.
The above discussion focused on W p and W
′
p operators. It should be possible to
generalize them to account for all possible chambers, i.e. construct operators which would
represent arbitrary B-fields through arbitrary set of P1’s, not just one fixed P1. Examples
of such more general operators will be discussed in section 4.5. In those more general cases
the evolution of crystals is of course more complicated.
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4 Examples
In this section we illustrate the results presented in section 3 in several instructive
examples, which include orbifolds of C3, resolved conifold and triple-P1 geometry. We
discuss a crystal interpretation of the flop transition for the conifold. Finally we find a
crystal description of the part of the chamber space of the closed topological vertex, taking
advantage of its relation to the triple-P1 geometry and physical viewpoint from section 2.1.
4.1 Revisiting C3
To start with we reconsider the simplest case of C3 crystal and explain how it fits
into the prescription from section 3. For C3 a triangulation of a strip consists just of one
triangle of area 1/2, see figure 6 (left). Therefore there is just one vertex and only one
color Q̂0 ≡ Q̂. The operators (31) take the form
A± = Γ±(1)Q̂,
and there are no wall-crossing operators. Therefore the BPS partition function (40) takes
exactly the form (23) and we find that the BPS generating function is given by the MacMa-
hon function.
To reconstruct the crystal we associate arrows to Â± operators according to figure 5,
and draw them in the order which follows the order of vertex operators in (40). The
crystal which we obtain is shown in figure 6 (right). We indeed reproduce plane partitions
from section 2.3, which in our picture are seen from the other side than in the more often
encountered figure 1.
Even though there are no wall-crossing operators in this case, there is the other extreme
chamber with a single D6-brane, for which the generating function is given by (43).
4.2 Orbifolds C3/ZN+1
We apply now the prescription from section 3 to the case of (the resolution of) C3/ZN+1
orbifold. The toric diagram looks like a big triangle of area (N + 1)/2. There are N
independent P1’s, as well as N + 1 vertices of the same ti = +1 type, see figure 7 (left).
Therefore operators in (31) take the form
A± = Γ±(1)Q̂1Γ±(1)Q̂2 . . .Γ±(1)Q̂NΓ±(1)Q̂0.
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Figure 6: Toric diagram for C3 (upper left) consists of one triangle and has one
⊕ vertex. Therefore A± operators involve just single Γ±, which are represented
by arrows (lower left) according to figure 5. The correlator (23) is translated
into a sequence of arrows, with rotated dashed lines representing insertions of
interlacing two-dimensional partitions. The resulting figure (right) represents
MacMahon crystal for plane partitions from figure 1, seen from the bottom (first
three layers are shown; it is assumed that each stone in layer m+ 1 is blocked
by only one stone located immediately above it in layer m).
Thus, in the non-commutative Donaldson-Thomas chamber, the corresponding crystal
consists of plane partitions just as in figure 6, however now with periodically colored slices
in N + 1 colors. The non-commutative Donaldson-Thomas partition function is given by
(40). This reproduces the results for C3/ZN+1 orbifolds from [13].
We can also analyze wall-crossing related to turning on arbitrary B-field through a
fixed P1. Translating the wall-crossing operators (34) and (35) into arrows following figure
5, we obtain crystals in modified containers, as shown in the example in figure 7 (middle).
Enlarging the B-field by one unit, which corresponds to an insertion of one wall-operator
W p, adds one more yellow corner to the crystal. Applying wall-crossing operators W
′
p
would result in a crystal which develops red corners.
We also immediately find crystals corresponding to R < 0. As usual the crystal is empty
in the extreme chamber with a single D6-brane (43). Adding wall-crossing operators results
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Figure 7: Toric diagram for the resolution of C3/ZN+1 geometry has N + 1
vertices of the same type ⊕; this figure shows the case N = 1. Left: toric
diagram and translation of A+ and W 1 into arrows. In the non-commutative
Donaldson-Thomas chamber this leads to the same plane partition crystal as in
figure 6, however colored now in yellow and red. Middle: for the chamber with
positive R and 2 < B < 3 the crystal develops two additional corners and its
partition function is given by Z2|1 = 〈Ω+|(W 1)
2|Ω−〉. Right: for negative R and
positive n − 1 < B < n the crystal is finite along two axes (albeit still infinite
along the third axis perpendicular to the picture) and develops n − 1 yellow
corners; its generating function for the case of n = 5 shown in the picture
reads Z˜5|1 = 〈0|(W 1)
5|0〉 (two external arrows, corresponding to Γ− acting on
〈0| and Γ+ acting on |0〉, are suppressed.)
in a crystal which develops corners, as shown in figure 7 (right). This crystal is finite along
two axes. Nonetheless, because W p and W
′
p consist only of Γ± operators (and no Γ
′
± are
involved), it can grow infinitely along the third axis.
4.3 Resolved conifold
We reviewed wall-crossing for the conifold in section 2.4. We show now that analyzing it
from a perspective of section 3 provides a new proof of some statements posed in literature
and extends them to a wide class of manifolds.
The toric diagram for the conifold is shown in figure 8 (left). There is of course just
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Figure 8: Left: toric diagram for the conifold and translation of A+ and W 1
operators into arrows. Right: for chambers with negative R and positive n−1 <
B < n the crystals are given by finite pyramid partitions with n− 1 additional
corners developed, represented by n−1 stones in the top row. The corresponding
partition function is given by Z˜n|1 = 〈0|(W 1)
n|0〉 which reproduces the result
(28) reviewed in section 2.4. This figure shows the case n = 4 (again two
external arrows representing 〈0|Γ− and Γ
′
+|0〉 are suppressed).
N = 1 P1, and two colors Q̂1 and Q̂0, so that
Q̂ = Q̂1Q̂0, q = q1q0.
The operators (31) take form
A±(x) = Γ±(x)Q̂1Γ
′
±(x)Q̂0,
while (32) and (33) read
A+(x) = Γ+(xq)Γ
′
+(xq/q1), A−(x) = Γ−(x)Γ
′
−(xq1),
and satisfy
A+(x)A−(y) =
(1 + xyq/q1)(1 + xyqq1)
(1− xyq)2
A−(y)A+(x).
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The quantum geometry is encoded in quantum states (38) and (39)
|Ω−〉 = A−(1)A−(q)A−(q
2) . . . |0〉, (57)
〈Ω+| = 〈0| . . .A+(q
2)A+(q)A+(1) (58)
and the wall-insertion operators (34) (35) are
W 1(x) = Γ−(x)Q̂1Γ
′
+(x)Q̂0, (59)
W
′
1(x) = Γ+(x)Q̂1Γ
′
−(x)Q̂0. (60)
Figure 9: Conifold crystal in the chamber with positive R and 2 < B < 3 takes
form of pyramid partitions with 3 stones in the top row. Its generating function
is given by Z2|1 = 〈Ω+|(W 1)
2|Ω−〉.
From our results in section (3) we immediately find that the fermionic correlators
Zn|1 = 〈Ω+|(W 1)
n|Ω−〉, (61)
Z˜n|1 = 〈0|(W 1)
n|0〉. (62)
result in the pyramid partition functions (26) and (28) reviewed in section 2.4. With no
wall-crossing operators inserted the above partition functions give respectively Szendroi’s
result Z0|1 = 〈Ω+|Ω−〉 and pure D6-brane Z˜ = 〈0|0〉 = 1.
The above correlators have crystal interpretation shown respectively in figures 9 and 8
(right). These are of course the same pyramid partitions that appeared in earlier literature,
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see figures 2 and 3. Moreover, insertion of the companion W
′
1 operators leads to pyramids
that extend in perpendicular directions, as we will discuss in the next section.
In particular, in our formalism we can automatically provide a new proof of a conjecture
posed in [8],5 which states that BPS partition functions in chambers separated by finite
numbers of walls from the pure D6-brane region are given by generating functions of finite
pyramids. This fact is just a consequence of the existence of the fermionic representation
(62): on one hand we already discussed that this fermionic representation reproduces
appropriate generating functions (28). On the other hand this representation provides
a crystal construction encoded in the arrow structure, as we explained in section 3.4.
Contrary to C3/ZN+1 cases, now the crystal pyramids are finite in all three directions, as
shown in figure 8 (right). This is so, because now the wall-operators operators (60) involve
both Γ and Γ′ operators, which insert interlacing two-dimensional partitions that extend in
opposite directions and effectively block each other beyond the length given by the number
of inserted W 1’s.
4.4 Flop transition
In section 3.4 we discussed evolution of crystals upon changing the moduli R and B.
It is in particular interesting to focus on the case when the B-field which changes the sign.
According to the interpretation reviewed in section 2.1 this corresponds to the counting of
anti-M2-branes instead of M2-branes. However, in case of the conifold such a process can
be identified with the flop transition.
The crystal interpretation of the flop transition is shown in figure 10. The crystal rep-
resenting a chamber separated by n walls of marginal stability from the non-commutative
Donaldson-Thomas chamber, with Kähler parameter
Q1 = −q1q
n
s (63)
and the partition function Zn|1 = 〈Ω+|(W 1)
n|Ω−〉, is shown in upper left. The non-
commutative Donaldson-Thomas chamber (right) is equivalently represented by Z0|1 =
〈Ω+|Ω−〉 ≡ Z (with yellow stone on top and a change of variables Q1 = −q1 in (49)), and
Z ′1|1 = 〈Ω+|W
′
1|Ω−〉 ≡ Z (with red stone on top and a change of variables Q1 = −q1q
−1 in
5This has been proved by other means by mathematicians in [15], where also the geometrical meaning
of the quivers constructed in [8] was clarified. We note that our approach shows how to generalize the
notion of finite pyramids to the wide class of manifolds considered in this paper.
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(55)). Further insertions of W
′
1 operators (lower left) extend the crystal in perpendicular
direction, with the Kähler parameter identified as
Q1 = −
q1
q
qns (64)
and the partition function given by Z ′n|1 = 〈Ω+|(W
′
1)
n|Ω−〉. Note that changes of variables
in (63) and (64) can be interpreted respectively as increasing and decreasing the Kähler
parameter of the singular conifold T1 = − logQ1 by n units of (−gs) = log qs.
Similar picture holds for finite pyramids in chambers with R < 0, albeit in this case
the singularity is represented by the empty pyramid.
Figure 10: Flop transition of the conifold. Right: there are two equivalent rep-
resentations of the non-commutative Donaldson-Thomas chamber, with yellow
or red stone on top and changes of variables given respectively by (49) and (55).
Upper and lower left: extension of the pyramid crystal in opposite directions
for positive and negative B-field, represented respectively by insertions of W 1
and W
′
1 operators.
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4.5 Triple-P1 geometry and more general wall-operators
We discuss now the triple-P1 geometry whose toric diagram is shown in figure 11 (left).
While this appears to be an obvious generalization of our previous examples, there are two
important reasons to consider this case. Firstly, for this geometry (or any other geometry
with longer but analogous toric diagram) a simple geometric intuition allows to introduce
more general wall-crossing operators (related to turning on non-trivial B-field through all
three P1’s). Secondly, this case is related to the closed topological vertex geometry, which
we will discuss in the next section.
We label6 the three independent P1’s in this geometry by B,C,A, denote by TB, TC , TA
their Kähler parameters, and introduce
QA = e
−TA, QB = e
−TB , QC = e
−TC .
The topological string partition function for this geometry reads
Z tripletop (QA, QB, QC) = M(qs)
2 M(QAQC , qs)M(QBQC , qs)
M(QA, qs)M(QB , qs)M(QC , qs)M(QAQBQC , qs)
. (65)
All non-zero Gopakumar-Vafa invariants for this geometry are of genus 0, and in class β
they read
Nβ=0 = −4, Nβ=±A = Nβ=±B = Nβ=±C = Nβ=±(A+B+C) = 1,
Nβ=±(B+C) = Nβ=±(A+C) = −1.
Let us specialize now the general structures from section 3 to the present case. We
introduce four colors qg, for g ∈ {b, c, a, 0} (instead of q1, q2, q3, q0 used earlier). We also
often use
Q̂ = Q̂aQ̂bQ̂cQ̂0, q = q0qaqbqc,
and to check some results against the ones for the resolved conifold also consider special-
ization
q0 ≡ qc, q1 ≡ qa ≡ qb. (66)
Operators (32) and (33) take the form7
A+(x) = Γ+(xq0qaqbqc)Γ
′
+(xq0qaqc)Γ+(xq0qa)Γ
′
+(xq0),
6In this section we change a notation slightly: we label three P1’s by B,C,A instead of 1,2,3 used in
section 3, and denote corresponding fermionic parameters respectively by b, c, a.
7The operators A±, as well as the computation of (70), appeared in [13] in the context of the closed
topological vertex geometry. We discuss relations between both these geometries further in section 4.6.
35
Figure 11: Toric diagram for the triple-P1 geometry (left) and the correspond-
ing four-colored pyramid crystal in the non-commutative Donaldson-Thomas
chamber (we use here subscripts b, c, a to denote various P1’s instead of 1, 2, 3
used earlier).
and
A−(x) = Γ−(x)Γ
′
−(xqb)Γ−(xqbqc)Γ
′
−(xqaqbqc),
and the commutation relation (100) specialize in this case to
A+(x)A−(y) = A−(y)A+(x)× (67)
×
(1 + xyqqb)(1 + xy
q
qb
)(1 + xyqqc)(1 + xy
q
qc
)(1 + xyqqa)(1 + xy
q
qa
)(1 + xyq0)(1 + xy
q2
q0
)
(1− xyq)4(1− xyqqbqc)(1− xy
q
qbqc
)(1− xyqqaqc)(1− xy
q
qaqc
)
.
The ground states (38) and (39) are
|Ω−〉 = A−(1)A−(q)A−(q
2) . . . |0〉, (68)
〈Ω+| = 〈0| . . .A+(q
2)A+(q)A+(1). (69)
Operators A±, as well as W b,W c,W a, are translated in figure 12 into the arrow form rele-
vant to the construction of the crystals. We note that in the non-commutative Donaldson-
Thomas chamber for R > 0, the crystal has the same shape as the pyramid crystal for the
conifold with one stone on top, however now it has four colors, see figure 11 (right). Its
partition function in our framework can be found as (notation (22) is used)
Ztriple1 = 〈Ω+|Ω−〉 = M(1, q)
4 M˜(qbqc, q)M˜(qaqc, q)
M˜(−qa, q)M˜(−qb, q)M˜(−qc, q)M˜(−qaqbqc, q)
. (70)
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This follows from general results in section 3, and of course can also be found directly7
using commutation relations (67). Comparing with (65), we indeed find that
Ztriple1 (qa, qb, qc) = Z
triple−P1
top (QA, QB, QC)Z
triple−P1
top (Q
−1
A , Q
−1
B , Q
−1
C )
under the following identification of parameters
qs = q, QA = −qa, QB = −qb, QC = −qc.
As usual the extreme chamber with R < 0 is represented by the empty pyramid with
the generating function
Z˜triple1 = 〈0|0〉 = 1.
Figure 12: Building block of triple-P1 crystals. Operators A± and W b,W c,W a
are the standard ones introduced in section 3. OperatorsW and V are new ones,
which change values of B-fields through all P1’s simultaneously and implement
extensions of the top row of the pyramid crystal similarly as in the conifold
case.
We introduce now new types of crystals which extend our prescription from section
3, and associated to them new wall-crossing operators. As we already saw, in the non-
commutative Donaldson-Thomas chamber the crystal with generating function (70) con-
sists of pyramid partitions of the same type as in the conifold, however with four colors.
It is reasonable to conjecture that analogous infinite or finite four-colored pyramids, albeit
(similarly as in the conifold case) with a string of arbitrary number of stones in the top
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row, should also provide BPS generating functions in certain chambers. Below we find
generating functions of such crystals and show that they indeed reproduce BPS generat-
ing functions in chambers with particular choices of B-field through all three P1’s upon a
simple change of variables.
It is clear from the figure 12, that neither the wall-crossing operators W b,W c,W a
which arise from our prescription for the triple-P1 geometry, nor their primed counterparts
considered so far, could be used to construct pyramid of arbitrary length, such as shown
in figure 13. Therefore we have to introduce new types of operators. To preserve periodic
four-colored pattern they should involve four vertex operators interlaced with Q̂g operators,
and their pattern should follow from the assignment presented in figure 5. Because there
are four colors, the cases with even or odd stones in the top row are different. An inspection
of figure 5 leads us to define the following operators
V = Γ−(1)QbΓ
′
+(1)QcΓ−(1)QaΓ
′
−(1)Q0,
W = Γ−(1)QbΓ
′
+(1)QcΓ−(1)QaΓ
′
+(1)Q0. (71)
Their translation to the arrow structure is shown in figure 12 (first row on the right).
Insertion of these operators extends the top row respectively by one or two stones.
For arbitrary number of stones in the top row we should insert several operators W and
possibly also a single V . Let Ztriplen denote a generating function for a four-colored infinite
pyramid with n stones in the top row, and Z˜triplen a generating function for four-colored
finite pyramid with n− 1 stones in the top row. Therefore the generating functions in the
infinite case read
Ztriple2n = 〈Ω+|W
n−1
V |Ω−〉,
Ztriple2n+1 = 〈Ω+|W
n
|Ω−〉. (72)
In particular Ztriple2 = 〈Ω+|V |Ω−〉 and Z
triple
3 = 〈Ω+|W |Ω+〉. For the finite case
Z˜triple2n = 〈0|W
n
|0〉,
Z˜triple2n+1 = 〈0|W
n
Γ−(1)|0〉. (73)
We compute now these partition functions explicitly, focusing first on the infinite case.
To start with we determine ratios Ztriplen+1 /Z
triple
n . In fact there are two possibilities, depend-
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Figure 13: Four-colored pyramids: finite one with three stones in the top row,
with generating function Z˜triple4 = 〈0|W
2
|0〉 (left), and infinite one with four
stones in the top row and generating function Ztriple4 = 〈Ω+|WV |Ω−〉 (right).
Identifying variables as qa = qb = q1 and qc = q0 leads to the conifold case.
ing on whether n is even or odd. We note that
Ztriple2n+1 = 〈Ω+|A
n−1
2 |Γ−(1)Γ
′
+(
1
qb
)Γ−(qbqc)Γ
′
+(
1
qaqbqc
)|Q̂|Ω−〉,
Ztriple2n = 〈Ω+|A
n−1
2 |Γ−(1)Γ
′
+(
1
qb
)Γ−(qbqc)Γ
′
−(qaqbqc)|Q̂|Ω−〉,
Ztriple2n−1 = 〈Ω+|A
n−1
2 |Γ−(1)Γ
′
−(qb)Γ−(qbqc)Γ
′
−(qaqbqc)|Q̂|Ω−〉.
We see that the only difference between these quantities is in the form of Γ′± operators
(and their arguments) written in bold. So if commute Γ′+ to the right and Γ
′
− to the left,
the remaining correlators will be the same. In this way we find
an :=
Ztriple2n+1
Ztriple2n
= (1− qaqc)
∏∞
i=1(1 + q
i−1q0)(1 +
qi
qa
)∏∞
i=n(1 +
qi+1
q0
)(1 + qiqa)
∞∏
i=1
1− qiqaqc
1− q
i
qaqc
, (74)
as well as
bn :=
Ztriple2n
Ztriple2n−1
=
1 + qc
1− qaqc
∏∞
i=1(1 +
qi
qb
)(1 + qiqc)∏∞
i=n(1 + q
iqb)(1 +
qi
qc
)
∞∏
i=1
1− q
i
qaqc
1− qiqaqc
. (75)
From these ratios and the value of Ztriple1 given in (70) we can reproduce explicit formulas
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for all Ztriplen . We find
Ztriple2n+1 = Z
triple
1
n∏
i=1
(aibi) = (76)
= M(1, q)4M˜(qaqc, q))M˜(qbqc, q))(1 + qc)
n ×
×
∞∏
i=1
(
1 +
qi
qa
)n+i(
1 +
qi
qb
)n+i(
1 + qcq
i)n+i
(
1 +
qi
qaqbqc
)n+i
×
×
∞∏
i=n+1
(
1 + qaq
i
)i−n(
1 + qbq
i
)i−n(
1 +
qi
qc
)i−n(
1 + qaqbqcq
i
)i−n
,
as well as
Ztriple2n = Z
triple
1 bn
n−1∏
i=1
(aibi) = (77)
= M(1, q)4M˜(qaqc, q))M˜(qbqc, q))
(1 + qc)
n
1− qaqc
∞∏
i=1
1− q
i
qaqc
1− qaqcqi
×
×
∞∏
i=1
(
1 +
qi
qa
)n+i−1(
1 +
qi
qb
)n+i(
1 + qcq
i)n+i
(
1 +
qi
qaqbqc
)n+i−1
×
×
∞∏
i=n
(
1 + qaq
i
)i−n+1(
1 + qbq
i
)i−n(
1 +
qi
qc
)i−n(
1 + qaqbqcq
i
)i−n+1
.
We checked that upon specialization (66) both formulas above reduce to the generating
functions of two-colored pyramid partitions with the same number of stones in the top row
(26), as they indeed should.
In the finite case we have
Z˜triple2n+1 = 〈0|A
n−1
2 |Γ−(1)Γ
′
+(
1
qb
)Γ−(qbqc)Γ
′
+(
1
qaqbqc
)Γ−(q)|0〉,
Z˜triple2n = 〈0|A
n−1
2 |Γ−(1)Γ
′
+(
1
qb
)Γ−(qbqc)|0〉,
Z˜triple2n−1 = 〈0|A
n−1
2 |Γ−(1)|0〉.
Commuting these expressions we find
a˜n :=
Z˜triple2n+1
Z˜triple2n
=
n−1∏
i=0
(1 + qiq0)(1 +
qi+1
qb
), (78)
as well as
b˜n :=
Z˜triple2n
Z˜triple2n−1
=
qa
1 + qa
n−1∏
i=0
(1 +
qi
qa
)(1 + qiqc). (79)
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Together with Z˜triple1 = 1 it now follows that
Z˜triple2n+1 =
n∏
i=1
(a˜ib˜i) = (80)
=
qna
(1 + qa)n
n∏
i=1
(
1 +
qn−i
qa
)i(
1 +
qn−i+1
qb
)i(
1 + qcq
n−i)i
(
1 + qn−iq0
)i
,
as well as
Z˜triple2n = b˜n
n−1∏
i=1
(a˜ib˜i) = (81)
=
qna
(1 + qa)n
n∏
i=1
(
1 +
qn−i
qa
)i(
1 +
qn−i+1
qb
)i−1(
1 + qcq
n−i)i
(
1 + qn−iq0
)i−1
.
Upon specialization (66) both these expressions reduce to the generating functions of two-
colored pyramid partitions with the same number of stones in the top row (28), as they
should.
To sum up, we have found the generating functions of four-colored finite and infinite
pyramid partitions, with arbitrary (even or odd) number of stones in the top row. The
task that remains is to show that there exist such values of moduli R and B, and such iden-
tification between crystal and string parameters, so that the structure of these generating
functions is consistent with the structure (6) encoded in the topological string partition
function, together with the condition on central charges (5). Below we show that these
conditions are indeed met, and therefore the above crystal generating functions do pro-
vide the correct BPS counting functions. We consider finite/infinite and even/odd cases
separately.
Ztriple2n+1 : infinite pyramid, odd chambers
To start with we consider the generating function for an infinite pyramid with odd
number of boxes 2n+1 in the top row (76). Comparison of the form of products involving
(1+ q±1a q
i), (1+ q±1b q
i) and (1+ q±1c q
i) with the chambers in the resolved conifold suggests
the following the identification of the string coupling qs = e
−gs and Kähler parameters:
qs = q, QA = −qaq
n, QB = −qbq
n, QC = −qcq
−n, (82)
as well as R > 0 as was the case for infinite pyramids in the conifold case as well. In
particular, under this identification
∏∞
i=n+1(1 + qaqbqcq
i)i−n =
∏∞
i=1(1 − QAQBQCq
i
s)
i,
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M˜(qaqc, q) = M˜(QAQC , qs), M˜(qbqc, q) = M˜(QBQC , qs), (1 + qc)
n
∏∞
i=1(1 + qcq
i)n+i =∏∞
j=n(1−QCq
j
s)
j, etc. Now the form of products involving single QA, QB and QC leads to
the following identification of moduli
R > 0, n < BA < n+ 1, n < BB < n+ 1, −n < BC < −n+ 1, for n ≥ 1.
(83)
This is consistent with the form of products involving QAQC , QBQC and QAQBQC , how-
ever they impose respectively the following additional constraints:
0 < BA +BC < 1, 0 < BB +BC < 1, n < BA +BB +BC < n+ 1, (84)
which implies that in fact 2n < BA+BB < 2n+1. Finally, the fact that R > 0 implies that
all factors M(1, q) should indeed be present. To sum up, under identifications (82), the
crystal model for infinite pyramid with 2n+1 boxes in the top row leads to the generating
function
Z triple2n+1 = M(1, qs)
4M˜(QAQC , qs)M˜(QBQC , qs)×
×
∞∏
i=1
(
1−QAq
i
s
)i(
1−QBq
i
s
)i(
1−Q−1C q
i
s)
i
(
1−QAQBQCq
i
s
)i
×
×
∞∏
i=n+1
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i
s
)i(
1−QCq
i−1
s
)i−1(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
,
which is indeed the consistent generating function of D6-D2-D0 bounds states in the triple-
P1 geometry, in chambers specified by (83) and (84).
Ztriple2n : infinite pyramid, even chambers
Next we consider the generating function for an infinite pyramid with even number of
boxes 2n in the top row (77). Now the identification of the string coupling qs and Kähler
parameters reads:
qs = q, QA = −qaq
n−1, QB = −qbq
n, QC = −qcq
−n. (85)
The form of products involving QA, QB and QC leads to the following identification of
moduli
R > 0, n− 1 < BA < n, n < BB < n+ 1, −n < BC < −n+ 1, for n ≥ 1.
(86)
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together with additional constraints:
0 < BA +BC < 1, 0 < BB +BC < 1, n− 1 < BA +BB +BC < n. (87)
Again R > 0 implies that all factors M(1, qs) are present. To sum up, in this case the
crystal model leads to the generating function
Z triple2n = M(1, qs)
4M˜(QAQC , qs)M˜(QBQC , qs)×
×
∞∏
i=1
(
1−QAq
i
s
)i(
1−QBq
i
s
)i(
1−Q−1C q
i
s)
i
(
1−QAQBQCq
i
s
)i
×
×
∞∏
i=n
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i+1
s
)i+1(
1−QCq
i
s
)i(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
,
which is indeed the generating function of D6-D2-D0 bounds states in the triple-P1 geom-
etry, in chambers specified by (86) and (87).
Z˜triple2n+1 : finite pyramid, odd chambers
Now we consider the generating function for a finite pyramid in odd odd chambers
labeled by 2n + 1 (i.e. the pyramid with 2n stones in the top row), given by (80). The
identification of the string coupling qs and Kähler parameters reads:
qs =
1
q
, QA = −qaq
−n, QB = −qbq
−n−1, QC = −qcq
n, (88)
and now R < 0. The form of products involving QA, QB and QC leads to the following
identification of moduli
R < 0, n− 1 < BA < n, n < BB < n+ 1, −n− 1 < BC < −n, for n ≥ 1.
(89)
together with additional constraint:
− 1 < BA +BC < 0, −1 < BB +BC < 0, n < BA +BB +BC < n+ 1. (90)
In particular R < 0 implies that factors of M(1, qs) should indeed be absent in this case.
Altogether, in this case the crystal model leads to the generating function
Z˜ triple2n+1 =
n∏
i=1
(
1−Q−1A q
i−1
s
)i−1(
1−Q−1B q
i
s
)i(
1−QCq
i
s)
i
(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
.
This is indeed the generating function of D6-D2-D0 bounds states in the triple-P1 geometry,
in chambers specified above.
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Z˜triple2n : finite pyramid, even chambers
Finally we consider the generating function for a finite pyramid in even chambers
labeled by 2n (i.e. with 2n− 1 stones in the top row), given by (81). The identification of
the string coupling qs and Kähler parameters reads:
qs =
1
q
, QA = −qaq
−n, QB = −qbq
−n, QC = −qcq
n. (91)
The form of products involving QA, QB and QC leads to the following identification of
moduli
R < 0, n− 1 < BA < n, n− 1 < BB < n, −n− 1 < BC < −n, for n ≥ 1.
(92)
together with additional constraint:
− 1 < BA +BC < 0, −1 < BB +BC < 0, n− 1 < BA +BB +BC < n. (93)
In particular R < 0 implies that factors of M(1, qs) should indeed be absent in this case.
Therefore, in this case the crystal model leads to the generating function
Z˜triple2n = (1−QCqs)
n−1∏
i=1
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i
s
)i(
1−QCq
i+1
s )
i+1
(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
.
This is indeed the generating function of D6-D2-D0 bounds states in the triple-P1 geometry,
in chambers specified above.
4.6 Closed topological vertex
In this section we discuss wall-crossing for the closed topological vertex geometry, whose
toric diagram is shown in figure 14. We will denote various quantities associated to it by
the label C. This geometry is also the symmetric resolution of C3/Z2 × Z2 orbifold. This
is an example of the geometry which does not arise from the triangulation of the strip.
Nonetheless it does not contain compact four-cycles, therefore the physical arguments
reviewed in section 2.1 apply in this case as well.
The closed topological vertex shares important similarities with the triple-P1 geometry
analyzed in the previous section. In this case let us also denote by A,B,C the three
independent P1’s, and by TA, TB, TC the corresponding Kähler parameters, and let
QA = e
−TA, QB = e
−TB , QC = e
−TC .
44
In particular the topological string partition function for the closed vertex differs from the
one of the triple-P1 (65) just by one factor of MacMahon function
ZCtop(QA, QB, QC) = M(qs)
2 M(QAQB, qs)M(QAQC , qs)M(QBQC , qs)
M(QA, qs)M(QB , qs)M(QC , qs)M(QAQBQC , qs)
=
= M(QAQB, qs) · Z
triple
top (QA, QB, QC). (94)
From this we find that all non-zero Gopakumar-Vafa invariants for C are of genus 0, and
in class β they read
Nβ=0 = −4, Nβ=±A = Nβ=±B = Nβ=±C = Nβ=±(A+B+C) = 1,
Nβ=±(A+B) = Nβ=±(B+C) = Nβ=±(A+C) = −1.
Figure 14: Toric diagram for the closed topological vertex geometry.
The close relation between partition functions of C and triple-P1 suggests the existence
of similar underlying crystal models in both cases. There is a natural crystal model for
the non-commutative Donaldson-Thomas chamber for C, discussed in [13], which consists
of four-colored plane partitions colored according to the action of Z2 × Z2 group. Let us
denote the generating function of these partitions by ZC. In [13] it was shown that ZC
indeed reproduces the non-commutative Donaldson-Thomas invariants for C. Moreover,
it was also shown that it is closely related to four-colored partitions (with one stone on
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top) which we associated to triple-P1 in the previous section. In particular the generating
functions of these two crystal models differ by a factor M˜(qaqb, q)
ZC = M˜(qaqb, q)Z
triple
1 , (95)
where Ztriple1 is given by the formula (70). This relation is of course consistent with (94).
Our aim now is to extend the relation between the non-commutative Donaldson-
Thomas invariants for these two geometries beyond the extreme chamber. We focus first
on the chambers for triple-P1 associated to extended pyramid partitions from the previous
section. We postulate that a generating function of each such partition can be identified
with a generating function of BPS invariants of C in certain chamber, up to some overall
factor of the form
µn(QAQB, qs). (96)
This overall factor should reduce to M˜(qaqb) to reproduce (95) in the extreme chamber.
Moreover, we postulate that a similar relations hold for finite pyramids, and BPS generating
functions for C and triple-P1 in chambers corresponding to finite four-colored pyramids are
identified up to a factor of a form
µ˜n(QAQB, qs), (97)
which reduces to 1 in the extreme chamber with a pure D6-brane.
We will apply now the physical arguments of section 2.1 to prove that these postu-
lates are true. The closed vertex BPS generating functions ZC(QA, QB, QC ;B,R) and
Z˜C(QA, QB, QC ;B,R) associated respectively to chambers corresponding to infinite and
finite pyramids depend on the values of four moduli: the radius R and B-fields through
three P1’s which we denote by BA, BB, BC . We prove that these postulates are true by
finding the explicit form, for each such pyramid, of:
• an identification between crystal q0, qa, qb, qc and string qs, QA, QB, QC parameters,
• values of moduli R,BA, BB, BC ,
• correction factors µn(qaqb, q) and µ˜n(qaqb, q) for infinite and finite pyramids,
such that
Ztriplen (q0, qa, qb, qc)µn(qaqb, q) = Z
C(QA, QB, QC ;B,R), (98)
Z˜triplen (q0, qa, qb, qc) µ˜n(qaqb, q) = Z˜
C(QA, QB, QC ;B,R), (99)
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respectively for infinite and finite pyramids. The identification of crystal and string pa-
rameters, as well as values of stringy moduli, must be completely specified by n which
encodes the length of a given pyramid.
In fact, as a consequence of the relation between partition functions (94) we realized the
above postulates to some extent already in the previous section, by matching four-colored
pyramid generating functions to BPS counting functions for triple-P1. All we have to show
now is that there exist appropriate µn(QAQB, qs) and µ˜n(QAQB, qs), consistent with the
values of moduli, which is a non-trivial condition. Nonetheless this is indeed the case, as
we show below for each case of infinite/finite and even/odd chambers.
While the identification of wall-crossing chambers completed below is satisfying from
the physical point of view, there still remain several interesting questions.
Firstly, one might wonder what are the crystals whose generating functions are given by
the left hand side of equations (98) and (99). As reviewed above, in the extreme chamber
for infinite pyramids such a crystal in given by Z2 × Z2-four-colored plane partitions. We
conjecture that for all other chambers discussed above, the corresponding crystal model is
given in terms of similar four-colored plane partitions, which fill a container that develops
appropriate number of corners, similarly as in figure 7.
Secondly, it would be interesting to find whether there exist, and if so that what are
crystal models associated to other chambers of the closed topological vertex.
ZC2n+1: infinite pyramid, odd chambers
We consider first the chambers corresponding to infinite pyramids with 2n + 1 stones
in the top row with generating functions (76). We postulate that the relations (82), (83)
and (84) found for the triple-P1 hold also for the closed vertex:
qs = q, QA = −qaq
n, QB = −qbq
n, QC = −qcq
−n,
R > 0, n < BA < n+ 1, n < BB < n+ 1, −n < BC < −n+ 1, for n ≥ 1,
0 < BA +BC < 1, 0 < BB +BC < 1, n < BA +BB +BC < n+ 1.
In particular this implies that 2n < BA + BB < 2n + 1, and therefore the factor (96) can
be chosen consistently as
µ2n+1(QAQB, qs) =
∞∏
i=1
1
(1−QAQBqis)
i
∞∏
i=2n+1
1
(1−Q−1A Q
−1
B q
i
s)
i
.
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Finally, the fact that R > 0 implies that all factors M(1, q) should indeed be present. To
sum up, under the above identifications, the crystal model for infinite pyramid with 2n+1
boxes in the top row leads to the BPS generating function
ZC2n+1 = M(1, qs)
4M˜(QAQC , qs)M˜(QBQC , qs)µ2n+1(QAQB, qs)×
×
∞∏
i=1
(
1−QAq
i
s
)i(
1−QBq
i
s
)i(
1−Q−1C q
i
s)
i
(
1−QAQBQCq
i
s
)i
×
×
∞∏
i=n+1
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i
s
)i(
1−QCq
i−1
s
)i−1(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
,
and this is indeed a consistent generating function of D6-D2-D0 bounds states for the
closed topological vertex, in chambers specified above.
ZC2n: infinite pyramid, even chambers
Next we consider the chambers related to infinite pyramids with 2n stones in the top
row, with generating functions (77). Again we assume that the relations (85), (86) and
(87) found for the triple-P1 hold for the closed vertex:
qs = q, QA = −qaq
n−1, QB = −qbq
n, QC = −qcq
−n,
R > 0, n− 1 < BA < n, n < BB < n+ 1, −n < BC < −n+ 1, for n ≥ 1,
0 < BA +BC < 1, 0 < BB +BC < 1, n− 1 < BA +BB +BC < n.
These values of background fields also imply that the factor (96) can be chosen consis-
tently as
µ2n(QAQB, qs) =
∞∏
i=1
1
(1−QAQBqis)
i
∞∏
i=2n
1
(1−Q−1A Q
−1
B q
i
s)
i
.
The fact that R > 0 implies that all factors M(1, qs) are present. To sum up, in this case
the crystal model leads to the BPS generating function
ZC2n = M(1, qs)
4M˜(QAQC , qs)M˜(QBQC , qs)µ2n(QAQB, qs)×
×
∞∏
i=1
(
1−QAq
i
s
)i(
1−QBq
i
s
)i(
1−Q−1C q
i
s)
i
(
1−QAQBQCq
i
s
)i
×
×
∞∏
i=n
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i+1
s
)i+1(
1−QCq
i
s
)i(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
,
which is a consistent generating function of D6-D2-D0 bounds states for the closed topo-
logical vertex, in chambers specified by (86) and (87).
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Z˜C2n+1: finite pyramid, odd chambers
We turn to consider the generating function for finite pyramids associated to odd 2n+1
chambers, with generating functions (80). From the analysis of triple-P1 we know that (88),
(89) and (90) should also hold:
qs =
1
q
, QA = −qaq
−n, QB = −qbq
−n−1, QC = −qcq
n,
R < 0, n− 1 < BA < n, n < BB < n+ 1, −n− 1 < BC < −n, for n ≥ 1,
−1 < BA +BC < 0, −1 < BB +BC < 0, n < BA +BB +BC < n+ 1.
Now R < 0 implies that factors of M(1, qs) should be absent. The above values of
background fields imply that the factor (97) should be chosen as
µ˜2n+1(QAQB, qs) =
2n∏
i=1
1
(1−Q−1A Q
−1
B q
i
s)
i
.
Altogether, in this case the crystal model leads to the BPS generating function
Z˜C2n+1 = µ˜2n+1(QAQB, qs)
n∏
i=1
(
1−Q−1A q
i−1
s
)i−1(
1−Q−1B q
i
s
)i(
1−QCq
i
s)
i
(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
.
This is the consistent generating function of D6-D2-D0 bounds states in the closed topo-
logical vertex geometry, in chambers specified above.
Z˜C2n: finite pyramid, even chambers
Finally we consider the generating functions associated with finite pyramids and even
2n chambers, with generating functions (81). The analysis of triple-P1 case implies (91),
(92) and (93)
qs =
1
q
, QA = −qaq
−n, QB = −qbq
−n, QC = −qcq
n,
R < 0, n− 1 < BA < n, n− 1 < BB < n, −n− 1 < BC < −n, for n ≥ 1,
−1 < BA +BC < 0, −1 < BB +BC < 0, n− 1 < BA +BB +BC < n.
Now R < 0 implies that factors of M(1, qs) should indeed be absent in this case. These
values of background fields also imply that the factor (97) should take the form
µ˜2n(QAQB, qs) =
2n−1∏
i=1
1
(1−Q−1A Q
−1
B q
i
s)
i
.
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Altogether, in this case the crystal model leads to the generating function
Z˜C2n = µ˜2n(QAQB, qs)(1−QCqs)
n−1∏
i=1
(
1−Q−1A q
i
s
)i(
1−Q−1B q
i
s
)i(
1−QCq
i+1
s )
i+1
(
1−Q−1A Q
−1
B Q
−1
C q
i
s
)i
.
This is a consistent generating function of D6-D2-D0 bounds states for the closed topolog-
ical vertex, in chambers specified above.
5 Proofs
In this section we provide proofs of statements from section 3, which relate BPS gen-
erating functions with fermionic correlators.
5.1 Quantization of geometry
In this section we prove (41), which states that
Z = Z,
under the identification of parameters (42). Here
Z = 〈Ω+|Ω−〉,
is the overlap of the states |Ω±〉 which encode information about the classical geometry
and Z denotes the BPS partition function in the non-commutative Donaldson-Thomas
chamber.
The states |Ω±〉 are defined in terms of A± as in (38) and (39). Using (21) one can
check that A± satisfy the commutation relation
A+(x)A−(y) = C(x, y)A−(y)A+(x), (100)
with
C(x, y) =
1
(1− xyq)N+1
∏
1≤i<j≤N+1
[(
1−titj xyq (qiqi+1 · · · qj−1)
)(
1−titj
xyq
qiqi+1 · · · qj−1
)]−titj
.
The proof of (41) therefore amounts to repeated application of relations (100) in order
to commute all Γ+ operators to the right of Γ−, similarly as in the case of MacMahon
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function and (23). We get
〈Ω+|Ω−〉 = 〈0| . . .A+(q
2)A+(q)A+(1)|A−(1)A−(q)A−(q
2) . . . |0〉 =
∞∏
r,s=0
C(qr, qs) =
=M(1, q)N+1
∞∏
l=1
∏
1≤i<j≤N+1
[(
1− titj q
l (qiqi+1 · · · qj−1)
)l(
1− titj
ql
qiqi+1 · · · qj−1
)l]−titj
.
This expression indeed reproduces Z = Ztop(Qi)Ztop(Q
−1
i ), with Ztop(Qi) given in (29) and
changing variables according to (42). In particular, under the redefinition (42) each factor
of the infinite product becomes
(
1− (titj)(titi+1Q
±1
i )(ti+1ti+2Q
±1
i+1) · · · (tj−1tjQ
±1
j−1)q
l
s
)−titj l = (1− (Qi · · ·Qj−1)±1qls)−titj l.
Therefore one always gets an overall minus sign inside the bracket, as expected for
Ztop(Q
±1
i ). On the other hand, the overall power is either +l or −l, if i’th and j’th
vertex are respectively of the opposite or of the same type. This means that a factor we
consider appears respectively in numerator or denominator, in accordance with the "effec-
tive" local neighborhood of a chain of P1’s Qi · · ·Qj−1 being respectively O(−1)⊕O(−1)
or O(−2)⊕O. This proves (41).
5.2 Wall-crossing operators
In this section we prove statements from section 3.3, considering respectively all possible
signs of R and B-field. In all formulas below we represent operators W p, W
′
p and A± as
in (36) and (37), with the same fixed p.
Chambers with R < 0, B > 0
Here we prove the equality (45) and in consequence (47). To compute the expectation
value
Z˜n|p = 〈0|(W p)
n|0〉 (101)
we have to commute all Γti+ to the right of all Γ
ti
− operators. It is convenient to approach
this problem recursively. We therefore assume that manipulating (W p)
n to get a form
ordered in such a way gives rise to an overall coefficient Cn arising from commutation
relations between Γti±. Therefore, in addition moving all Q̂’s to the right:
(W p)
n = Cn
( n−1∏
i=0
γ1−(q
i)
)( n−1∏
i=0
γ2+(q
i−1)
)
Q̂n.
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Now an insertion of one more wall-operator can be written as
(W p)
n+1 = Cn+1
( n∏
i=0
γ1−(q
i)
)( n∏
i=0
γ2+(q
i−1)
)
Q̂n+1 =
=
[
Cn
( n−1∏
i=0
γ1−(q
i)
)( n−1∏
i=0
γ2+(q
i−1)
)
Q̂n
][
γ1−(x)γ
2
+(x/q)Q̂
]
=
= Cn
( n−1∏
i=0
cp(q
n−i)
)( n∏
i=0
γ1−(q
i)
)( n∏
i=0
γ2+(q
i−1)
)
Q̂n+1,
where
cp(xy) =
p∏
s=1
N+1∏
r=p+1
(
1− (trts)
xy
qsqs+1 · · · qr−1
)−trts
arises from a commutation of γ2+(x/q)γ
1
−(y) = γ
1
−(y)γ
2
+(x/q)cp(xy). Therefore
Cn+1
Cn
=∏n−1
i=0 cp(q
n−i) and we get
Z˜n|p = Cn =
n−1∏
k=1
Ck+1
Ck
=
n−1∏
k=1
k−1∏
i=0
cp(q
k−i) =
n−1∏
i=1
cp(q
n−i)i =
=
n−1∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1− (trts)
qn−i
qsqs+1 · · · qr−1
)−trtsi
.
which proves (45). A change of variables (46) leads finally to the identification of crystal
and BPS partition functions (47).
Chambers with R > 0, B > 0
Here we prove the equality (48). We wish to compute
Zn|p = 〈Ω+|(W p)
n|Ω−〉. (102)
This case is more involved than the previous one with R < 0, because apart from the
ordering of Γti± in the product of wall-operators, we also have to commute infinite sets of
Γti±’s encoded in |Ω±〉. It is again convenient to approach this problem recursively and
determine Zn+1|p/Zn|p. First note that we can write
Zn|p = 〈Ω+|(W p)
n|γ1−(1)γ
2
−(1)|A−(q)A−(q
2) . . . |0〉, (103)
Zn+1|p = 〈Ω+|(W p)
n|γ1−(1)γ
2
+(q
−1)|A−(q)A−(q
2) . . . |0〉.
The only difference between these two expressions is that γ2−(1) appears in the former
instead of γ2+(q
−1) in the latter. After commuting these operators respectively to the left
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and to the right we will be left with the same correlator. First of all, the contribution from
commuting γ2−(1) to the left in Zn|p over γ
2
+’s (from all A+ and W p) is the same as the
contribution from γ2+(q
−1) passing over all γ2− in Zn+1|p. Then, commuting γ
2
−(1) in Zn|p
to the left over all γ2+ gives a factor
Sn =
∞∏
l=0
p∏
s=1
N+1∏
r=p+1
(
1− (trts)q
l+n+1qsqs+1 · · · qr−1
)−trts
,
while commuting γ2+(1) to the right in Zn+1|p over all γ
1
− gives
Tn+1 =
∞∏
l=0
p∏
s=1
N+1∏
r=p+1
(
1− (trts)
ql+1
qsqs+1 · · · qr−1
)−trts
.
Let us now assume that Zn|p has the form given in (48)
Zn|p = M(1, q)
N+1 Z
(0)
n|p Z
(1)
n|pZ
(2)
n|p, (104)
with the following factors
Z
(0)
n|p =
∞∏
l=1
∏
p/∈s,r+1⊂1,N+1
(
1− (trts)
ql
qsqs+1 · · · qr−1
)−trtsl(
1− (trts)q
lqsqs+1 · · · qr−1
)−trtsl
,
Z
(1)
n|p =
∞∏
l=1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)q
l+nqsqs+1 · · · qr−1
)−trtsl
,
Z
(2)
n|p =
∞∏
l=n+1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)
ql−n
qsqs+1 · · · qr−1
)−trtsl
.
Then the relation between correlators in (103) implies that
Zn+1|p = M(1, q)
N+1 Z
(0)
n|p Z
(1)
n|pZ
(2)
n|p
Tn+1
Sn
.
Now we check that
Z
(1)
n|p
Sn
= Z
(1)
n+1|p, Z
(2)
n|p Tn+1 = Z
(2)
n+1|p.
The factor Z
(0)
n|p = Z
(0)
n+1|p in fact does not depend on n, so we conclude that
Zn+1|p = M(1, q)
N+1 Z
(0)
n+1|p Z
(1)
n+1|pZ
(2)
n+1|p.
This form is consistent with the assumption of the induction proof (104). This proves (48),
and further change of variables (49) leads to the identification of crystal and BPS partition
functions (49).
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Chambers with R < 0, B < 0
Here we prove (51). We wish to compute the correlator
Z˜ ′n|p = 〈0|(W
′
p)
n|0〉. (105)
The proof is analogous as in the case R < 0 and B > 0. As we already discussed,
Z˜ ′0|p = 〈0|0〉 = 1.
But contrary to the case with B > 0, an insertion of a single W
′
p has a non-trivial effect.
Again we assume that manipulating (W
′
p)
n to bring all Γti+ to the right of Γ
ti
− gives rise to
an overall coefficient C ′n :
(W
′
p)
n = C ′n
( n−1∏
i=0
γ2−(q
i)
)( n−1∏
i=0
γ1+(q
−i−1)
)
Q̂n.
An insertion of one more wall-operator leads to the relation
C ′n+1 = C
′
n
( n∏
i=0
c′p(q
n−i)
)
where
c′p(xy) =
p∏
s=1
N+1∏
r=p+1
(
1− (trts)xyqsqs+1 · · · qr−1
)−trts
arises from a commutation of γ1+(x/q)γ
2
−(y) = γ
2
−(y)γ
1
+(x/q)c
′
p(xy). Therefore
Z˜ ′n|p = C
′
n = Z˜
′
1|p
n−1∏
k=1
C ′k+1
C ′k
= Z˜ ′1|p
n−1∏
k=1
k∏
i=0
c′p(q
k−i) =
n∏
i=1
c′p(q
n−i)i =
=
n∏
i=1
p∏
s=1
N+1∏
r=p+1
(
1− (trts)q
n−iqsqs+1 · · · qr−1
)−trtsi
.
This proves (51). Changing then variables according to (52) proves (53).
Chambers with R > 0, B < 0
In the last case we prove (54) and compute
Z ′n|p = 〈Ω+|(W
′
p)
n|Ω−〉. (106)
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The proof is analogous to the case with B > 0. Again we have to commute all Γti+ to the
right of Γti−. First note that we can write
Z ′n|p = 〈Ω+|(W
′
p)
n|γ1−(1)γ
2
−(1)|A−(q)A−(q
2) . . . |0〉, (107)
Z ′n+1|p = 〈Ω+|(W
′
p)
n|γ1+(q
−1)γ2−(1)|A−(q)A−(q
2) . . . |0〉.
The only difference between these two expressions is that γ1−(1) appears in the former
instead of γ1+(q
−1) in the latter. After commuting these operators respectively to the
left and to the right we will be left again with the same correlator. The only nontrivial
contributions will arise from commuting γ1−(1) in Z
′
n|p to the left over all γ
2
+
S ′n =
∞∏
l=0
p∏
s=1
N+1∏
r=p+1
(
1− (trts)
ql+n+1
qsqs+1 · · · qr−1
)−trts
,
as well as from commuting γ1+(q
−1) to the right in Z ′n+1|p over all γ
2
−
T ′n+1 =
∞∏
l=0
p∏
s=1
N+1∏
r=p+1
(
1− (trts)q
lqsqs+1 · · · qr−1
)−trts
.
We assume now that Z ′n|p has the form given in equation (54)
Z ′n|p = M(1, q)
N+1 Z
′(0)
n|p Z
′(1)
n|p Z
′(2)
n|p , (108)
with the following factors
Z
′(0)
n|p =
∞∏
l=1
∏
p/∈s,r+1⊂1,N+1
(
1− (trts)
ql
qsqs+1 · · · qr−1
)−trtsl(
1− (trts)q
lqsqs+1 · · · qr−1
)−trtsl
,
Z
′(1)
n|p =
∞∏
l=n
∏
p∈s,r+1⊂1,N+1
(
1− (trts)q
l−nqsqs+1 · · · qr−1
)−trtsl
,
Z
′(2)
n|p =
∞∏
l=1
∏
p∈s,r+1⊂1,N+1
(
1− (trts)
ql+n
qsqs+1 · · · qr−1
)−trtsl
.
The relation between correlators in (107) implies that
Z ′n+1|p = M(1, q)
N+1 Z
′(0)
n|p Z
′(1)
n|p Z
′(2)
n|p
T ′n+1
S ′n
.
We now check that
Z
′(2)
n|p
S ′n
= Z
(2)
n+1|p, Z
(1)
n|p T
′
n+1 = Z
(1)
n+1|p.
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The factor Z
′(0)
n|p = Z
′(0)
n+1|p does not depend on n, and we conclude that
Z ′n+1|p = M(1, q)
N+1 Z
′(0)
n+1|p Z
′(1)
n+1|pZ
′(2)
n+1|p.
This form is consistent with the assumption of the induction proof (108), and therefore
(54) is proved. Further change of variables (55) leads to the identification of crystal and
BPS partition functions (56).
6 Summary and discussion
In this paper we developed a fermionic approach to BPS counting in local, toric Calabi-
Yau manifolds without compact four-cycles. We also discussed its crystal melting inter-
pretation, and explained the structure of crystals associated to all manifolds in this class,
in a large set of chambers. There are however several issues which require further analysis.
Firstly, we considered mainly chambers associated to turning on arbitrary B-field of
magnitude n through one, fixed p’th two-cycle in the geometry, in terms of correlators of
the wall-crossing operators of the form 〈(W p)
n〉. In addition we analyzed a few examples of
turning on B-fields of similar magnitude through all two-cycles simultaneously, and found
the corresponding wall-crossing operators W and V in section 4.5. It would certainly be
interesting to find more general wall-crossing operators and associated crystal interpreta-
tion for all chambers, i.e. for arbitrary values of B-fields through any set of two-cycles
turned on simultaneously.
Secondly, and more conceptually, it would be interesting to find physical reason for
the occurrence of these free fermions. For example, such an interpretation has been found
in [23] for related, but different fermions arising in the B-model topological vertex [21].
Supposedly our setup would require extension of [23] to include chamber dependence. It
is also interesting to see if there is more direct connection between the framework of [21]
and ours, and what would be the role of integrable hierarchies in our context.
As we saw in various examples in section 4, our crystals unify and generalize various
other Calabi-Yau crystal models which appeared previously, such as plane partitions for
C
3 and pyramid partitions for the conifold. We also claim that these new crystals are
equivalent to crystals introduced in [28], for the class of manifolds that we consider. They
must also be related to other statistical models of crystals, dimers, and associated quivers,
considered these days in [14, 29, 31, 32, 33]. In particular, modification of crystals upon
crossing the walls of marginal stability must translate to the dimer shuffling operation of
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the corresponding dimer models [11, 14, 9]. From our results we see that this is obviously
true for the conifold. In fact it is not known how to perform dimer shuffling beyond the
conifold case. To define it, one could therefore try to translate the effect of the insertion
of our wall-crossing operators in the corresponding dimer models.
We note that there is also a different crystal model for the closed topological vertex [34],
given in terms of plane partitions in a box whose sides are of finite size and translate to
Kähler parameters of three P1’s. Furthermore, yet another model for the resolved conifold,
related to the deformed boson-fermion correspondence, have been discussed in [35]. It
would be interesting to relate these models to the present results.
There are also further generalizations one might think of. The string coupling gs could
be refined to two independent parameters ǫ1, ǫ2. In certain special cases such refinements
were interpreted combinatorially, both for two-dimensional [22] and three dimensional par-
titions [36]. Such a refinement was also found for pyramid partitions for the conifold [9] and
shown to be equivalent to considering motivic BPS invariants of Kontsevich and Soibel-
man [6]. It is tempting to generalize our results in this spirit, both from the perspective of
fermionic states as well as crystals. Such generalization could also be translated to refined
dimer shuffling operations.
One could also consider open topological string amplitudes [37] and their wall-crossing
from fermionic and crystal viewpoint. In the large radius chamber open string amplitudes
have been interpreted in terms of defects in crystals and analyzed in [38, 39, 3]. It would
be nice to extend this interpretation to other chambers and crystals that we propose. The
chain of dualities for open string wall-crossing proposed in [40] should also be helpful in
finding such an interpretation. This should also be consistent with the approach to open
non-commutative Donaldson-Thomas invariants proposed in [30, 31].
Finally, one could extend our results to other geometries, such as non-toric manifolds
considered in [18, 41, 42].
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